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STABILITY AND INSTABILITY OF EXTREME REISSNER-NORDSTRO¨M
BLACK HOLE SPACETIMES FOR LINEAR SCALAR PERTURBATIONS II
STEFANOS ARETAKIS∗
Abstract. This paper contains the second part of a two-part series on the stability and instability
of extreme Reissner-Nordstro¨m spacetimes for linear scalar perturbations. We continue our study
of solutions to the linear wave equation gψ = 0 on a suitable globally hyperbolic subset of such
a spacetime, arising from regular initial data prescribed on a Cauchy hypersurface Σ0 crossing
the future event horizon H+. We here obtain definitive energy and pointwise decay, non-decay
and blow-up results. Our estimates hold up to and including the horizon H+. A hierarchy of
conservations laws on degenerate horizons is also derived.
1. Introduction
In this paper we shall attempt to provide a complete picture of the stability and instability of
extreme Reissner-Nordstro¨m backgrounds under linear scalar perturbations, extending the results of
[1] on the wave equation
(1.1) gψ = 0.
Here we derive definitive energy and pointwise decay, non-decay and blow-up results for solutions ψ
to the wave equation and their derivatives in the domain of outer communications up to and including
the event horizon H+. Note that the picture we obtain is in sharp contrast with the non-extreme
case where decay holds for all higher order derivatives of ψ along H+.
1.1. Preliminaries. The extreme Reissner-Nordstro¨m metric in coordinates (v, r, θ, φ) ∈ R×R+×S2
takes the form
g = −Ddv2 + 2dvdr + r2gS2 ,
where M is a positive constant, D =
(
1− Mr
)2
and gS2 is the standard metric on S2. The event
horizon H+ corresponds to r = M , the black hole region to r ≤ M and the domain of outer
communications to r > M . The photon sphere is located at r = 2M .
For the reader’s convenience we recall that the main results of [1] include: 1) non-degenerate
energy and pointwise uniform boundedness of solutions, up to and including H+, 2) local integrated
decay of energy, up to and including the event horizon H+, 3) sharp second order L2 estimates,
up to and including H+, 4) non-decay along H+ of higher order translation invariant quantities for
spherically symmetric solutions.
Recall also that L2 spacetime estimates which do not degenerate at the photon sphere require
commutation with the Killing vector field T = ∂v. This is the so-called trapping effect at the
photon sphere. Note that another characteristic feature of degenerate horizons which was exposed
in [1] is that obtaining L2 spacetime estimates which do not degenerate at the horizon H+ requires
commutation with the (non-Killing) vector field ∂r and, therefore, loss of derivatives characteristic
of trapping takes place on degenerate horizons in analogy to the photon sphere.
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2 STEFANOS ARETAKIS
1.2. Overview of Results and Techniques. In the present paper, we combine the previous results
of [1] with certain new techniques to obtain definitive decay, non-decay and blow-up results. In par-
ticular, we present a method based on an adaptation of [16] to derive degenerate and non-degenerate
energy decay. This adaptation requires the introduction of yet another vector field P and is necessary
in view of the degeneracy of the surface gravity on the horizon. We also introduce a new method for
obtaining sharp pointwise decay results. The instability properties of ψ (non-decay and blow-up for
derivatives of ψ) rest upon a hierarchy of conservation laws on a specific class of degenerate horizons
(which includes the extreme Reissner-Nordstro¨m) presented here for the first time. As we shall see,
these laws are of great analytical importance.
1.2.1. Conservation Laws on H+. Recall that in [1] we derived a conservation law for the spherical
mean ψ0 of solutions ψ to the wave equation based on the degeneracy of the redshift along H+.
However, as we shall see, on top of the degeneracy of the redshift, the event horizon satisfies an
additional property which allows us to obtain a hierarchy of such laws. Specifically, we show that
a conservation law holds for every projection ψl of ψ (viewed as an L
2 function on the spheres of
symmetry) on the eigenspace El of the spherical Laplacian 4/ (for all spherical harmonic numbers
l ∈ N).
According to these laws a linear combination of the transversal derivatives of ψl of order at most
l+ 1 is conserved along the null geodesics of H+ (see Theorem 1 of Section 2). As we shall see, these
conserved quantities allow us to infer the instability properties of extreme black holes described in
Section 1.2.4, and thus, understanding their structure is crucial and essential. Of course, no such
conserved quantities exist in the subextreme case.
As an aside, based on these laws, we also explicitly show that the Schwarzschild boundedness
argument of Kay and Wald [21] cannot be applied in the extreme case, i.e. we show that for generic
ψ, there does not exist a Cauchy hypersurface Σ crossing H+ and a solution ψ˜ such that
T ψ˜ = ψ
in the causal future of Σ (where T = ∂v). The existence of such ψ˜ was key for the argument of [21].
1.2.2. Sharp Higher Order L2 Estimates. We next establish higher order L2 estimates of the deriva-
tives of ψ by commuting repeatedly with the vector field ∂r; see Theorem 2 of Section 2. In view
of the conservation laws one expects to derive k′th order (k ≥ 1) L2 estimates close to H+ only if
ψl = 0 for all l ≤ k. In fact in Section 7 we show that if the above restriction on the frequency range
is not satisfied then no such estimate can be derived. By using appropriate modifications and Hardy
inequalities we obtain the sharpest possible result. See Section 4. Note that the spacetime term of
such estimates degenerates with respect to the transversal derivative to H+. In order to retrieve this
derivative one needs to commute once again with ∂r, use Hardy inequalities and thus assume that an
initial quantity of even higher order is bounded. This reflects the higher order trapping effect present
on H+ (recall that the case k = 1 was treated in [1]). The difficulty in deriving such L2 estimates
comes from the fact that the trapping effect is coupled with the low-frequency obstruction described
in Section 1.2.1.
1.2.3. Energy and Pointwise Decay. Using an adaptation of the methods developed in the recent [16],
we obtain energy and pointwise decay for ψ. See Theorems 3 and 4 of Section 2.
Recall that in [16], a general framework is provided for obtaining energy decay. The ingredients
necessary for applying the framework are: 1) good asymptotics of the metric towards null infinity, 2)
uniform boundedness of energy and 3) integrated local energy decay (where the spacetime integral
of energy should be controlled by the energy of ψ and, in view of the trapping effect at the photon
sphere, of Tψ too). We first verify that extreme Reissner-Nordstro¨m satisfies the first hypothesis.
However, in view of the trapping and the conservation laws on the event horizon H+, it turns out
that the method described in [16] can not be directly used to yield decay results in the extreme case.
Indeed, the third hypothesis of [16] is not satisfied in extreme Reissner-Nordstro¨m. For this reason,
we introduce a new causal vector field P which allows us to obtain several hierarchies of estimates in
an appropriate neighbourhood of H+. These estimates avoid multipliers or commutators with weights
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in t, following the philosophy of [16]. Our method applies to black hole spacetimes where trapping
is present on H+ (including, in particular, a wide class of extreme black holes).
Pointwise decay for l ≥ 2 then follows by commuting with the generators of so(3) and Sobolev
estimates. Regarding the cases l = 0, 1, we present a new method which is based on the interpola-
tion of previous estimates which hold close to H+ and away from H+. Note that the low angular
frequencies decay more slowly than the higher ones. See Section 6.
We finally mention that Blue and Soffer have previously proved in [4] that a weighted L6 norm in
space decays like t−
1
3 . However, this weight degenerates on the horizon and the initial data have to
be supported away from H+.
1.2.4. Higher Order Estimates: Energy and Pointwise Decay, Non-decay and Blow-up. In order to
provide a complete picture of the behaviour of solutions ψ, it remains to derive pointwise estimates for
all derivatives of ψ. Let ψl denote the projection of ψ on the eigenspace E
l of the spherical Laplacian
4/ , as above. Then the derivatives transversal to H+ of ψl decay if the order of the differentiation is
at most l. If the order is l + 1, then for generic initial data this derivative converges along H+ to a
non-zero number and thus does not decay. By generic initial data we mean data for which certain
quantities do not vanish on H+. If, moreover, the order is at least l + 2, then for generic initial
data these derivatives blow up asymptotically along H+. Note that these differential operators are
translation invariant and do not depend on the choice of a coordinate system. The blow-up of these
geometric quantities suggests that extreme black holes are dynamically unstable.
If, on the other hand, we consider the wave Tmψl then one needs to differentiate at least l+ 2 +m
times in the transversal direction to obtain a quantity which blows up. See Theorems 5 and 6 of
Section 2. Therefore, the T derivatives1 counteract the action of the derivatives transversal to H+.
We conclude this paper by deriving similar decay and blow-up results for the higher order non-
degenerate energy. In particular, we show that although (an appropriate modification of) the redshift
current can be used as a multiplier for all angular frequencies, the redshift vector field N can only
be used as a commutator for ψ supported on the frequencies l ≥ 1 and, more generally, one can
commute with the redshift vector field at most l times for ψ supported on the angular frequency l. See
Section 7.
1.3. Open Problems. An important problem is that of understanding the solutions of the wave
equation on the extreme Kerr spacetime. This spacetime is not spherically symmetric and there is
no globally causal Killing field in the domain of outer communications (in particular, T becomes
spacelike close to the event horizon). Recent results [18] overcome these difficulties for the whole
subextreme range of Kerr. The extreme case remains open.
Another related problem is that of the wave equation coupled with the Einstein-Maxwell equations.
Then decay for the scalar field was proven in the deep work of Dafermos and Rodnianski [12]. Again
these results hold for non-extreme black holes. For the extreme case even boundedness of the scalar
field for this system remains open.
2. The Main Theorems
We consider the Cauchy problem for the wave equation on the domain of outer communications
of extreme Reissner-Nordstro¨m spacetimes (including H+) with initial data
(2.1) ψ|Σ0 = ψ0 ∈ Hkloc (Σ0) , nΣ0ψ|Σ0 = ψ1 ∈ Hk−1loc (Σ0) ,
where the hypersurface Σ0 crosses H+ and terminates either at spacelike infinity i0 or at null infinity
I+ and nΣ0 denotes the future unit normal of Σ0. We assume that k ≥ 2 and that
(2.2) lim
x→i0
rψ2(x) = 0.
For simplicity, from now on, when we say “for all solutions ψ of the wave equation” we will assume
that ψ satisfies the above conditions. Note that for obtaining sharp decay results we will have to
consider even higher regularity for ψ.
1It is also shown that Tψ decays faster than ψ.
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2.1. Notation. For the definition of the relevant notions and notation used throughout the paper
we refer to [1]. For the convenience of the reader, we briefly recall the notation (and conventions)
necessary for understanding the statement of the main theorems. Let ψl denote the projection of ψ
on the eigenspace El (with corresponding eigenvalue −l(l + 1), l ∈ N) of the spherical Laplacian 4/ .
We will say that ψ is supported on the angular frequencies l ≥ L if ψi = 0, i = 0, ..., L − 1 initially
(and thus everywhere). Similarly, we will also say that ψ is supported on the angular frequency l = L
if ψ ∈ EL.
Let N be a ϕTτ −invariant timelike vector field which coincides with T away from H+ (as defined in
Section 10 of [1]). The coordinate vector field ∂r corresponds to the system (v, r) and is transversal
to H+. Let T denote the globally causal and Killing vector field ∂v. Let ϕTτ denote the flow of T .
We define the foliation Στ = ϕ
T
τ (Σ0) and the region R(0, τ) = ∪0≤τ˜≤τΣτ˜ .
Note that the energy currents JVµ [ψ],K
V [ψ] associated to the vector field V are defined in Section
5 of [1]. For reference, we mention that close to H+ we have
JTµ [ψ]n
µ
Στ
∼ (Tψ)2 +D(∂rψ)2 + |∇/ψ|2 ,
which degenerates on H+ (since D = (1− Mr )2), whereas
JNµ [ψ]n
µ
Στ
∼ (Tψ)2 + (∂rψ)2 + |∇/ψ|2 ,
which does not degenerate on H+.
For obtaining energy decay we shall make use of the Σ˜τ foliation defined as follows: We fix
R0 > 2M and consider the hypersurface Σ˜0 which is spacelike for M ≤ r ≤ R0 and crosses H+ and
for r ≥ R0 is given by u = u(p0), where the coordinate u corresponds to the null system (u, v) with
respect to which the metric is g = −Ddudv + r2gS2 , and the point p0 ∈ Σ˜0 is such that r(p0) = R0.
We now define Σ˜τ = ϕ
T
τ (Σ˜0). Then for r sufficiently large we have
JTµ [ψ]n
µ
Σ˜τ
∼ (∂vψ)2 + |∇/ψ|2 ,
where ∂v corresponds here to the null coordinate system (u, v).
2.2. Summary of Results of Part I. It would be helpful to summarize several of the results of [1]
at this point. We have
(1) Uniform boundedness of non-degenerate energy:∫
Στ
JNµ [ψ]n
µ
Στ
≤ C
∫
Σ0
JNµ [ψ]n
µ
Σ0
.
(2) Local integrated decay of energy:∫
R(0,τ)
(
(r − 2M)2 · √D
r3+δ
(
(Tψ)2 + |∇/ψ|2 +D2(∂rψ)2 + 1
r2
ψ2
))
≤ Cδ
∫
Σ0
JTµ [ψ]n
µ
Σ0
.
Note that the above estimate degenerates on the photon sphere (where r = 2M) and the event
horizon. In order to remove the degeneracy on the photon sphere we need to commute with the vector
field T . This is related to the so-called trapping effect present on the photon sphere. Note that the
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same phenomenon takes place on the ‘photon spheres’ of a wide class of black hole spacetimes. Fur-
thermore, as is shown in [1], the degeneracy of the above estimate on H+ may only be removed after
commuting with the (non-Killing) vector field ∂r. This revealed that degenerate horizons exhibit
phenomena characteristic of trapping. This will be of fundamental importance for the analysis of the
present paper.
(3) Sharp Second Order L2 Estimates: There exists r0 such that M < r0 < 2M and if A =
R(0, τ) ∩ {M ≤ r ≤ r0} then for all ψ supported on the angular frequencies l ≥ 1, the following
holds: ∫
Στ∩A
(T∂rψ)
2
+ (∂r∂rψ)
2
+ |∇/ ∂rψ|2 +
∫
H+
(T∂rψ)
2
+ χ1 |∇/ ∂rψ|2
+
∫
A
(T∂rψ)
2
+
√
D (∂r∂rψ)
2
+ |∇/ ∂rψ|2
≤C
∫
Σ0
JNµ [ψ]n
µ
Σ0
+ C
∫
Σ0
JNµ [Tψ]n
µ
Σ0
+ C
∫
Σ0∩A
JNµ [∂rψ]n
µ
Σ0
,
where χ1 = 0 if ψ is supported on l = 1 and χ1 = 1 if ψ is supported on l ≥ 2.
(4) Non-decay (for generic initial data) of the higher order quantity
ψ2 + (∂rψ)
2
along H+.
2.3. The Statements of the Main Theorems. The main results of the present paper are:
Theorem 1. (Conservation Laws along H+) For all l ∈ N there exist constants βi, i = 0, 1, ..., l,
which depend on M and l such that for all solutions ψ which are supported on the (fixed) angular
frequency l the quantity
Hl[ψ] = ∂
l+1
r ψ +
l∑
i=0
βi∂
i
rψ
is conserved along the null geodesics of H+.
Theorem 2. (Higher Order L2 Estimates: Trapping on H+)
(1) There exists r0 such that M < r0 < 2M and a constant C > 0 which depends on M , l and
Σ0 such that if A = {M ≤ r ≤ r0} ∩ R(0, τ) and k ≤ l then for all solutions ψ of the wave
equation which are supported on frequencies greater or equal to l, the following holds∫
Στ∩A
(
T∂krψ
)2
+
(
∂k+1r ψ
)2
+
∣∣∇/ ∂krψ∣∣2 + ∫
H+
(
T∂krψ
)2
+ χ{k=l}
∣∣∇/ ∂krψ∣∣2
+
∫
A
(
T∂krψ
)2
+
(
1− M
r
)(
∂k+1r ψ
)2
+
∣∣∇/ ∂krψ∣∣2
≤C
k∑
i=0
∫
Σ0
JNµ
[
T iψ
]
nµΣ0 + C
k∑
i=1
∫
Σ0∩A
JNµ
[
∂irψ
]
nµΣ0 ,
where χ{k=l} = 0 if k = l and χ{k=l} = 1 otherwise.
(2) If ψ is replaced with Tmψ,m ≥ 1, then similar L2 estimates hold for all k ≤ l +m. Also in
this case, for all k ≤ l +m we do not need the factor χ{k=l}.
Remark 2.1. In view of the
(
1− Mr
)
factor, the spacetime term of the above estimate degenerates
on H+. To remove this degeneracy one needs to lose even more derivatives by commuting with the
vector field ∂r one more time. This reflects the higher order trapping effect of H+. The commutation
with T is related to the trapping on the photon sphere.
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Theorem 3. (Energy Decay) Consider the foliation Σ˜τ as defined above. Let
IT
Σ˜τ
[ψ] =
∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
+
∫
Σ˜τ
JTµ [Tψ]n
µ
Σ˜τ
+
∫
Σ˜τ
r−1 (∂v(rψ))
2
and
IN
Σ˜τ
[ψ] =
∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
+
∫
Σ˜τ
JNµ [Tψ]n
µ
Σ˜τ
+
∫
A∩Σ˜τ
JNµ [∂rψ]n
µ
Σ˜τ
+
∫
Σ˜τ
r−1 (∂v(rψ))
2
,
where A is as defined in Theorem 2. Here ∂v corresponds to the null system (u, v) (whereas ∂r still
corresponds to the Eddington-Finkelstein coordinate system (v, r)). There exists a constant C that
depends on the mass M and Σ˜0 such that:
• For all solutions ψ of the wave equation we have∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ CE1[ψ] 1
τ2
,
where
E1[ψ] = I
T
Σ˜0
[Tψ] +
∫
Σ˜0
JNµ [ψ]n
µ
Σ˜0
+
∫
Σ˜0
(∂v(rψ))
2
.
• For all solutions ψ to the wave equation which are supported on the frequencies l ≥ 1 we have∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
≤ CE2[ψ] 1
τ
,
where
E2[ψ] = I
N
Σ˜0
[ψ].
• For all solutions ψ to the wave equation which are supported on the frequencies l ≥ 2 we have∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
≤ CE3[ψ] 1
τ2
,
where
E3[ψ] = I
N
Σ˜0
[ψ] + IN
Σ˜0
[Tψ] +
∫
A∩Σ˜0
JNµ [∂r∂rψ]n
µ
Σ˜0
+
∫
Σ˜0
(∂v(rψ))
2.
Remark 2.2. In view of the trapping effect on H+, to obtain decay of the non-degenerate energy we
need to ‘lose’ the ∂r derivative (which appears in I
N
Σ˜0
[ψ]). Note that the full decay requires ‘losing’
the higher order derivative ∂r∂r (which appears in E3[ψ]).
Theorem 4. (Pointwise Decay) Fix R1 such that M < R1 and let τ ≥ 1. Let E1, E2, E3 be the
quantities as defined in Theorem 3. Then, there exists a constant C that depends on the mass M ,
R1 and Σ˜0 such that:
• For all solutions ψ to the wave equation we have
|ψ| ≤ C
√
E5
1√
r · τ , |ψ| ≤ C
√
E5
1
r · √τ
in {R1 ≤ r}, where
E5 =
∑
|k|≤2
E1
[
Ωkψ
]
,
with Ω ∈ {Ω1,Ω2,Ω3} and Ωi, i = 1, 2, 3 are the angular momentum operators.
• For all solutions ψ of the wave equation we have
|ψ| ≤ C
√
E6
1
τ
3
5
in {M ≤ r ≤ R1}, where
E6 = E1 + E4[ψ] + E4[Tψ] + E5 +
∑
|k|≤2
(
E2
[
Ωkψ
]
+E3
[
Ωkψ
])
+ ‖∂rψ‖2L∞(Σ˜0).
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• For all solutions ψ to the wave equation which are supported on the frequencies l ≥ 1 we have
|ψ| ≤ C
√
E7
1
τ
3
4
in {M ≤ r ≤ R1}, where
E7 = E5 +
∑
|k|≤2
E2
[
Ωkψ
]
+
∑
|k|≤2
E3
[
Ωkψ
]
.
• For all solutions ψ to the wave equation which are supported on the frequencies l ≥ 2 we have
|ψ| ≤ C
√
E8
1
τ
,
in {M ≤ r ≤ R1}, where
E8 =
∑
|k|≤2
E3
[
Ωkψ
]
.
Theorem 5. (Higher Order Energy and Pointwise Estimates I: Decay Results) Fix R1
such that R1 > M and let τ ≥ 1. Let also k, l,m ∈ N. Then, there exist constants C which depend
on M, l, k,R1 and Σ˜0 such that the following holds: For all solutions ψ of the wave equation which
are supported on the (fixed) angular frequency l, there exist norms E˜k,l,m, Ek,l,m of the initial data
of ψ such that
(1)
∫
Σ˜τ∩{M≤r≤R1}
JNµ [∂
k
r T
mψ]nµ
Σ˜τ
≤ CE˜2k,l,m
1
τ2
for all k ≤ l +m− 2,
(2)
∫
Σ˜τ∩{M≤r≤R1}
JNµ [∂
l+m−1
r T
mψ]nµ
Σ˜τ
≤ CE˜2l+m−1,l,m
1
τ
.
(3)
∣∣∂kr Tmψ∣∣ ≤ CEk,l,m 1τ in {M ≤ r ≤ R1} for all k ≤ l − 2 +m,
(4)
∣∣∂l+m−1r Tmψ∣∣ ≤ CEl+m−1,l,m 1
τ
3
4
in {M ≤ r ≤ R1},
(5)
∣∣∂l+mr Tmψ∣∣ ≤ CEl+m,l,m 1
τ
1
4
in {M ≤ r ≤ R1},
Theorem 6. (Higher Order Energy and Pointwise Estimates II: Non-Decay and Blow-
up Results) Fix R1 such that R1 > M . Let k, l,m ∈ N and Hl[ψ] be the functions as defined in
Theorem 1. Then there exist non zero constants C, c (in fact c > 0) which depend on M, l, k,R1 such
that for generic solutions ψ to the wave equation which are supported on the (fixed) angular frequency
l we have
(1)
∂l+m+1r T
mψ(τ, θ, φ)→ CHl[ψ](θ, φ)
as τ → +∞ along H+ and generically Hl[ψ] 6= 0 almost everywhere on S20 = Σ˜0 ∩ H+ (and
C = 1 for m = 0).
(2) ∣∣∂l+m+kr Tmψ∣∣ (τ, θ, φ) ≥ c |Hl[ψ](θ, φ)| τk−1
asymptotically on H+ for all k ≥ 2.
Finally, for generic solutions ψ to the wave equation we have∫
Σ˜τ∩{M≤r≤R1}
JNµ [∂
k
r T
mψ]nµ
Σ˜τ
−→ +∞
as τ → +∞ for all k ≥ m+ 1.
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3. Conservation Laws on Degenerate Event Horizons
We will prove that the lack of redshift gives rise to conservation laws along H+ for translation
invariant derivatives. These laws govern the evolution of the low angular frequencies and play a
fundamental role in understanding the evolution of generic solutions to the wave equation.
We use the regular coordinate system (v, r). Let T = ∂v, where ∂v denotes the coordinate vector
field corresponding to the system (v, r). As we shall see our results can be applied to a general class of
(spherically symmetric) degenerate black hole spacetimes. We conclude this section by showing that
the argument of Kay and Wald (see [21]) could not have been applied in our case even for obtaining
uniform boundedness of the solutions to the wave equation.
Let us first consider spherically symmetric solutions.
Proposition 3.0.1. For all spherically symmetric solutions ψ to the wave equation the quantity
(3.1) H0[ψ] = ∂rψ +
1
M
ψ
is conserved along H+.
Proof. Since ψ solves gψ = 0 and since4/ψ = 0 we have T∂rψ+ 1M Tψ = 0 and, since T is tangential
to H+, this implies that ∂rψ + 1Mψ remains constant along H+. 
Proposition 3.0.2. For all solutions ψ to the wave equation that are supported on the angular
frequency l = 1 the quantity
(3.2) H1[ψ] = ∂r∂rψ +
3
M
∂rψ +
1
M2
ψ
is conserved along the null geodesics of H+.
Proof. Since 4/ψ = − 2r2ψ, the wave equation on H+ gives us
(3.3) 2T∂rψ +
2
M
Tψ =
2
M2
ψ.
Moreover if R = D′ + 2Dr then
∂r (gψ) =D∂r∂r∂rψ + 2T∂r∂rψ +
2
r
∂rTψ +R∂r∂rψ + ∂r4/ψ +D′∂r∂rψ − 2
r2
Tψ +R′∂rψ
and thus by restricting this identity on H+ we take
2∂2rTψ +
2
M
∂rTψ − 2
M2
Tψ +
4
M3
ψ +
(
− 2
M2
+R′(M)
)
∂rψ = 0.(3.4)
However, R′(M) = 2M2 and in view of (3.3) we have
2∂2rTψ +
2
M
∂rTψ − 2
M2
Tψ +
2
M
(
2∂rTψ +
2
M
Tψ
)
= 0
which means that (3.2) is constant along the integral curves of T on H+. 
Proposition 3.0.3. There exist constants αji , j = 0, 1, ..., l−1, i = 0, 1, ..., j+1, which depend on M
and l such that for all solutions ψ of the wave equation which are supported on the (fixed) frequency
l we have
∂jrψ =
j+1∑
i=0
αjiT∂
i
rψ,
on H+.
Proof. For j = 0, 1 we just have to revisit the proof of Proposition 3.0.2 and use the fact that for all
l ≥ 2 we have − l(l+1)M2 +R′(M) 6= 0. We next proceed by induction on j for fixed l. We suppose that
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the result holds for j = 0, 1, ..., k − 1 and we will prove that it holds for j = k provided k ≤ l − 1.
Clearly,
∂kr (gψ) =D
(
∂k+2r ψ
)
+ 2∂k+1r Tψ +
2
r
∂kr Tψ +R∂
k+1
r ψ + ∂
k
r4/ψ+
+
k∑
i=1
(
k
i
)
∂irD · ∂k−i+2r ψ +
k∑
i=1
(
k
i
)
∂ir
2
r
· ∂k−ir Tψ +
k∑
i=1
(
k
i
)
∂irR · ∂k−i+1r ψ.
(3.5)
We observe that the coefficients of ∂k+2r ψ and ∂
k+1
r ψ vanish on H+. Since 4/ψ = − l(l+1)r2 ψ, the
coefficient of ∂krψ on H+ is equal to(
k
2
)
D′′ +
(
k
1
)
R′ − l(l + 1)
M2
=
k(k + 1)
2
2
M2
− l(l + 1)
M2
,(3.6)
which is non-zero if and only if l 6= k. Therefore, for all k ≤ l − 1 we can solve with respect to ∂krψ
and use the inductive hypothesis completing thus the proof of the proposition. 
Proof of Theorem 1 of Section 2. We apply (3.5) for k = l. Then, according to our previous calcu-
lation, the coefficients of ∂l+2r ψ, ∂
l+1
r ψ and ∂
l
rψ vanish on H+. Therefore, we end up with the terms
∂kr Tψ, k = 0, 1, ..., l+ 1 and ∂
j
rψ, j = 0, 1, ..., l− 1. Thus, from Proposition 3.0.3 there exist constants
βi, i = 0, 1, ..., l which depend on M and l such that
T∂l+1r ψ +
l∑
i=0
βiT∂
i
rψ = 0
on H+, which implies that the quantity
Hl[ψ] = ∂
l+1
r ψ +
l∑
i=0
βi∂
i
rψ
is conserved along the integral curves of T on H+. 
Note that the above theorem holds for more general extreme black hole spacetimes. Indeed, let
the metric with respect to the coordinate system (v, r, θ, φ) take the form
g = −Ddv2 + 2dvdr + r2gS2 ,
for a general D = D(r). If this spacetime admits a black hole whose event horizon is located at
r = rH+ where D(rH+) = 0, then the above theorem (and proof) still holds if
(3.7) D′(rH+) = 0,
(3.8) D′′(rH+) =
2
r2H+
.
The equation (3.7) expresses the extremality of the black hole whereas the additional (3.8) is necessary
so (3.6) holds. Note here that (3.6) trivially holds for the frequency l = 0 and thus (3.8) is not required
for spherically symmetric solutions of the wave equation. In [2], we provide even more general
assumptions under which we have conservation laws for spherically symmetric self-gravitating scalar
fields on extreme black holes.
3.1. Applications. Note that although we show in Section 7 that Hl[ψ] is non-zero almost every-
where on H+ ∩Σ0 for generic initial data, we have Hl[Tmψ] = 0 for all ψ and m ≥ 1. For the waves
of the form Tmψ we have the following
Proposition 3.1.1. There exist constants C 6= 0 and λij which depend on M, l,m and such that for
all solutions of the wave equation which are supported on the frequency l we have
∂l+m+1r T
mψ +
m∑
j=0
l∑
i=0
λij∂
i
rT
jψ = C ·Hl[ψ]
on H+.
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Proof. Consider (3.5) for k = l + 1. Then
0 = 2∂l+2r Tψ +
2
M
∂l+1r Tψ + ∂
l+1
r
(
− l(l + 1)
r2
ψ
)
+
+
l+1∑
i=2
(
l + 1
i
)
∂irD · ∂l−i+3r ψ +
l+1∑
i=1
(
l + 1
i
)
∂ir
2
r
· ∂l+1−ir Tψ +
l+1∑
i=1
(
l + 1
i
)
∂irR · ∂l−i+2r ψ.
Since Hl[Tψ] = 0, the term ∂
l+1
r Tψ can be expressed in terms of Tψ, ∂rTψ, ..., ∂
l
rTψ. Note also
∂l+1r ψ, whose coefficient on the right hand side is non-zero, can be replaced by a linear expression
of Hl[ψ], ψ, ∂rψ, ..., ∂
l
rψ. This proves the proposition for m = 1. The general case can be proved
inductively by using (3.5) for k = l + m and ψ replaced with Tm−1ψ. Indeed, we obtain that
∂l+m+1r T
mψ can be expressed on H+ as a linear combination of the terms ∂l+mr Tmψ, ∂l+mr Tm−1ψ
and ∂kr T
mψ and ∂kr T
m−1ψ for k ≤ l + m − 1. For the terms ∂l+mr Tmψ, ∂kr Tmψ, ∂kr Tm−1ψ with
k ≤ l + m − 1 we use the inductive hypothesis and that Hl[T iψ] = 0 for all i ≥ 1. Note finally
that the coefficient of ∂l+mr T
m−1ψ is non-zero and, therefore, this term can be replaced by a linear
combination of Hl[ψ] and ∂
i
rT
jψ for i ≤ l, j ≤ m.

We conclude this section with the following important application of Theorem 1.
Proposition 3.1.2. For generic initial data there is no Cauchy hypersurface Σ crossing H+ and a
solution ψ˜ of the wave equation such that
T ψ˜ = ψ
in the future of Σ.
Proof. Suppose that there exists a wave ψ˜ such that T ψ˜ = ψ. Then we can decompose ψ˜ = ψ˜0 + ψ˜≥1
and take
T ψ˜ =T ψ˜0 + T ψ˜≥1 = (T ψ˜)0 + (T ψ˜)≥1
since T is an endomorphism of the eigenspaces of 4/ . But T ψ˜ = ψ and thus ψ0 = (T ψ˜)0 = T ψ˜0.
Since ψ˜0 is a spherically symmetric wave we have ∂rT ψ˜0 +
1
M T ψ˜0 = 0 which yields ∂rψ0 +
1
Mψ0 = 0.
However,the quantity ∂rψ0 +
1
Mψ0 is completely determined by the initial data and thus for generic
initial data it is non-zero. 
This shows that we can not adapt the argument of Kay and Wald for the extreme case (see [20]
and [21]) even for proving the uniform boundedness of solutions to the wave equation. Indeed, using
this argument one could prove that in Schwarzschild that for any solution of the wave equation ψ
there is another solution ψ˜ such that T ψ˜ = ψ in the future of a Cauchy hypersurface Σ of the region
J+(Σ) ∩ D, where D denotes the domain of outer communications of Schwarzschild.
4. Sharp Higher Order L2 Estimates
We commute the wave equation with ∂kr where k ∈ N and k ≥ 2 aiming at controlling all higher
derivatives of ψ (on the spacelike hypersurfaces and the spacetime region up to and including the
horizon H+). In view of Theorem 1 of Section 2 the weakest condition on ψ would be such that it is
supported on the frequencies l ≥ k.
4.1. The Commutator
[
g, ∂kr
]
. First note that if R = D′ + D2r , D
′ = dDdr then
∂kr (gψ) =D
(
∂k+2r ψ
)
+ 2T∂k+1r ψ +
2
r
T∂krψ +R∂
k+1
r ψ + ∂
k
r4/ψ+
+
k∑
i=1
(
k
i
)
∂irD · ∂k−i+2r ψ +
k∑
i=1
(
k
i
)
∂ir
2
r
· T∂k−ir ψ +
k∑
i=1
(
k
i
)
∂irR · ∂k−i+1r ψ.
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Let us compute the commutator
[4/ , ∂kr ]. If we denote 4/ 1 the Laplacian on the unit sphere then
∂kr4/ψ = ∂kr
(
1
r2
4/ 1
)
=
k∑
i=0
(
k
i
)
∂ir
1
r2
· ∂k−ir 4/ 1 =
k∑
i=0
(
k
i
)
r2∂ir
1
r2
· 4/ ∂k−ir ψ
= 4/ ∂krψ +
k∑
i=1
(
k
i
)
r2∂irr
−2 · 4/ ∂k−ir ψ.
Therefore,
(4.1)
[4/ , ∂kr ]ψ = − k∑
i=1
(
k
i
)
r2∂irr
−2 · 4/ ∂k−ir ψ
and so [
g, ∂kr
]
ψ =−
k∑
i=1
(
k
i
)
∂irD · ∂k−i+2r ψ −
k∑
i=1
(
k
i
)
∂ir
2
r
· T∂k−ir ψ
−
k∑
i=1
(
k
i
)
∂irR · ∂k−i+1r ψ −
k∑
i=1
(
k
i
)
r2∂irr
−2 · 4/ ∂k−ir ψ.
(4.2)
4.2. Induction on l. For any solution ψ of the wave equation we control the higher order derivatives
in the spacetime region away from H+ and the photon sphere:
(4.3) ‖∂αψ‖2L2(R(0,τ)∩{M<r0≤r≤r1<2M}) ≤ C
∫
Σ0
(
k−1∑
i=0
JTµ
[
T iψ
]
nµΣ0
)
,
where C depends on M , r0, r1 and Σ0 and |a| = k. This can be proved by commuting the wave
equation with T i, i = 1, ..., k − 1 and using the degenerate X estimate of Theorem 1 of [1] and
local elliptic estimates. We next derive estimates controlling the kth-order derivatives of ψ in a
neighbourhood of H+.
Proof of Theorem 2 of Section 2. For simplicity we write R instead of R(0, τ) and H+ instead of
H+ ∩ R(0, τ). We follow an inductive process. We suppose that the theorem holds for all m such
that 0 ≤ m ≤ l − 1, i.e. that there exists a neighbourhood A of H+ and a uniform positive constant
C that depends on M , Σ0 and k such that∫
Στ∩A
(
T∂krψ
)2
+
(
∂k+1r ψ
)2
+
∣∣∇/ ∂krψ∣∣2 + ∫
H+
(
T∂krψ
)2
+ χ{k=m}
∣∣∇/ ∂krψ∣∣2
+
∫
A
(
T∂krψ
)2
+
√
D
(
∂k+1r ψ
)2
+
∣∣∇/ ∂krψ∣∣2
≤C
k∑
i=0
∫
Σ0
JNµ
[
T iψ
]
nµΣ0 + C
k∑
i=1
∫
Σ0∩A
JNµ
[
∂irψ
]
nµΣ0
(4.4)
for all k ≤ m and solutions supported on frequencies greater or equal to m. Note that for m = 0 the
above estimate is the result of Section 11 and for m = 1 of Section 12 of [1].
In order to show the above estimate for m = l we will construct an appropriate multiplier Lk =
LvkT + L
r
k∂r which is a future directed causal ϕ
T
τ -invariant vector field such that Lk = 0 in r ≥ r1
and timelike in the region M < r1. The precise form of L
v
k, L
r
k will be chosen only in the end.
Again, we will be interested in the region {M ≤ r ≤ r0 < r1}, where r0, r1 are to be determined
later. The control for the higher order derivatives will be derived from the energy identity of the
current JLkµ
[
∂krψ
]
(4.5)
∫
Στ
JLkµ
[
∂krψ
]
nµΣτ +
∫
R
∇µJLkµ
[
∂krψ
]
+
∫
H+
JLkµ
[
∂krψ
]
nµH+ =
∫
Σ0
JLkµ
[
∂krψ
]
nµΣ0 .
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By assumption, the right hand side is bounded. Also, since Lk is timelike in a spatially compact
region, we have
(4.6) JLkµ
[
∂krψ
]
nµΣτ ∼
(
T∂krψ
)2
+
(
∂k+1r ψ
)2
+
∣∣∇/ ∂krψ∣∣2
and on the horizon
(4.7) JLkµ
[
∂krψ
]
nµH+ = L
v
k(M)
(
T∂krψ
)2 − Lrk(M)
2
∣∣∇/ ∂krψ∣∣2 .
Note that Lrk < 0 on the horizon. It suffices to estimate the bulk integral. We have
∇µJLkµ
[
∂krψ
]
= KLk
[
∂krψ
]
+ ELk[∂krψ] .
Recall that
KLk
[
∂krψ
]
= Fvv(T∂
kψ)2 + Frr(∂
k+1ψ)2 + F∇/
∣∣∇/ ∂kψ∣∣2 + Fvr(T∂kψ)(∂k+1ψ),
where the coefficients Fab are given by
Fvv = (∂rL
v
k) , Frr = D
[
(∂rL
r
k)
2
− L
r
k
r
]
− L
r
kD
′
2
, F∇/ = −1
2
(∂rL
r
k) , Fvr = D (∂rL
v
k)−
2Lrk
r
.
Equation (4.2) gives us
ELk[∂krψ] = (g∂krψ)Lk [∂krψ]
=
[
−
k∑
i=1
(
k
i
)
∂irD · ∂k−i+2r ψ −
k∑
i=1
(
k
i
)
∂ir
2
r
· T∂k−ir ψ
−
k∑
i=1
(
k
i
)
∂irR · ∂k−i+1r ψ −
k∑
i=1
(
k
i
)
r2∂irr
−2 · 4/ ∂k−ir ψ
]
Lk
[
∂krψ
]
=−
k∑
i=1
(
k
i
)
Lvk · ∂irD
(
∂k−i+2r ψ
) (
T∂krψ
)− k∑
i=1
(
k
i
)
Lvk · ∂ir
2
r
(
T∂k−ir ψ
) (
T∂krψ
)
−
k∑
i=1
(
k
i
)
Lvk · ∂irR
(
∂k−i+1r ψ
) (
T∂krψ
)− k∑
i=1
(
k
i
)
Lvk · r2∂irr−2
(4/ ∂k−ir ψ) (T∂krψ)
−
k∑
i=1
(
k
i
)
Lrk · ∂irD
(
∂k−i+2r ψ
) (
∂k+1r ψ
)− k∑
i=1
(
k
i
)
Lrk · ∂ir
2
r
(
T∂k−ir ψ
) (
∂k+1r ψ
)
−
k∑
i=1
(
k
i
)
Lrk · ∂irR
(
∂k−i+1r ψ
) (
∂k+1r ψ
)− k∑
i=1
(
k
i
)
Lrk · r2∂irr−2
(4/ ∂k−ir ψ) (∂k+1r ψ).
In order to obtain the sharp result we need the following lemma
Lemma 4.2.1. Suppose ψ is a solution to the wave equation which is supported on the (fixed)
frequency l. Then for all 0 ≤ i ≤ l − 1 and any positive number  we have∣∣∣∣∫H+ (∂irψ)(∂lrψ)
∣∣∣∣ ≤C l−1∑
i=0
∫
Σ0
JNµ [T
iψ]nµΣ0 + C
l∑
i=0
∫
Σ0
JNµ [∂
i
rψ]n
µ
Σ0
+ 
∫
Στ∩A
JLlµ [∂
l
rψ]n
µ
Στ
+ 
∫
H+
(T∂lrψ)
2,
where C depends on M , l and Σ0.
Proof. Using Theorem 1 of Section 2 it suffices to estimate the integrals∫
H+
(T∂jrψ)(∂
l
rψ),
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where 0 ≤ j ≤ l. For 0 ≤ j ≤ l − 1 we have∫
H+
(T∂jrψ)(∂
l
rψ) =
∫
H+∩Στ
(∂jrψ)(∂
l
rψ)−
∫
H+∩Σ0
(∂jrψ)(∂
l
rψ)−
∫
H+
(∂jrψ)(T∂
l
rψ).
The two boundary integrals can be estimated using the second Hardy inequality of Section 6 of [1].
Regarding the last integral on the right hand side, the Cauchy-Schwarz and Poincare´ inequality imply∫
H+
(∂jrψ)(T∂
l
rψ) ≤
∫
H+
1

∣∣∇/ ∂jrψ∣∣2 + (T∂lrψ)2.
For j = l, we use that (T∂lrψ)(∂
l
rψ) =
1
2T (∂
l
rψ)
2 and the second Hardy inequality. 
We are now in position to estimate the bulk integrals. We decompose ψ = ψl + ψ≥l+1. This is
needed in view of the factor χ{k=l} in the statement of the theorem. Note that everytime we say
that an integral can be estimated we mean that can be estimated by terms appearing
on the right hand side of (4.4) and ’s of the spacetime terms appearing on the left.
Estimate for
∫
R
H1i
(
∂k−i+1r ψ
)(
∂k+1r ψ
)
, i ≥ 0
For i = 0 we have H10 = −kLrkD′ ≥ 0 and so this coefficient has the “right” sign in (4.5).
For i ≥ 1 we use integration by parts∫
R
H1i
(
∂k−i+1r ψ
) (
∂k+1r ψ
)
+
∫
R
(
∂rH
1
i +
2
r
H1i
)(
∂k−i+1r ψ
) (
∂krψ
)
+
∫
R
H1i
(
∂k−i+2r ψ
) (
∂krψ
)
=
∫
Σ0
H1i
(
∂k−i+1r ψ
) (
∂krψ
)
∂r · nΣ0 −
∫
Στ
H1i
(
∂k−i+1r ψ
) (
∂krψ
)
∂r · nΣτ −
∫
H+
H1i
(
∂k−i+1r ψ
) (
∂krψ
)
∂r · nH+ .
From Proposition 12.4.1. of [1] applied (and generalised) for ∂krψ and the inductive hypothesis all
the integrals over A and Στ can be estimated. It only remains to estimate the integral over H+ when
i = 1. In this case, if we apply the Poincare´ inequality for the ψl component we notice that we need
to absorb a good term in the divergence identity for Lk whenever k = l. Indeed,
1
2
M2
l (l + 1)
H11 (M) = −
Lrk (M)
2
⇔ k = l(4.8)
This implies that we cannot use the Poincare´ inequality on H+ in order to estimate (∂lrψl)2 anymore.
That is why we proved Lemma 4.2.1 which we will use for the following integrals. Clearly, for the
component ψ≥l+1 we need a fraction of
∣∣∇/ ∂lrψ∣∣2 along H+ and thus we can take small (epsilon)
portions of this term later on.
Estimate for
∫
R
H2i
(
T∂k−i+1r ψ
)(
∂k+1r ψ
)
, i ≥ 1
For i ≥ 2 we use Stokes’ theorem∫
R
H2i
(
T∂k−i+1r ψ
) (
∂k+1r ψ
)
+
∫
R
(
∂rH
2
i +
2
r
H2i
)(
T∂k−i+1r ψ
) (
∂krψ
)
+
∫
R
H2i
(
T∂k−i+2r ψ
) (
∂krψ
)
=
∫
Σ0
H2i
(
T∂k−i+1r ψ
) (
∂krψ
)
∂r · nΣ0 −
∫
Στ
H2i
(
T∂k−i+1r ψ
) (
∂krψ
)
∂r · nΣτ −
∫
H+
H2i
(
T∂k−i+1r ψ
) (
∂krψ
)
∂r · nH+ .
Again from Proposition 12.4.1. of [1] and the inductive hypothesis we can estimate all the above
integrals. Note that in order to estimate the integrals along H+ for the component ψl we follow the
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same argument as in the proof of Lemma 4.2.1. For i = 1 we use the wave equation and thus
H21
(
T∂krψ
)(
∂k+1r ψ
)
=H21
[
∂k−1r
(
−D∂2rψ −
2
r
Tψ −R∂rψ −4/ψ
)](
∂k+1r ψ
)
=−
k−1∑
j=0
(
k − 1
j
)
H21∂
j
rD
(
∂k−j+1r ψ
) (
∂k+1r ψ
)
−
k−1∑
j=0
(
k − 1
j
)
H21∂
j
r
2
r
(
T∂k−j−1r ψ
) (
∂k+1r ψ
)
−
k−1∑
j=0
(
k − 1
j
)
H21∂
j
rR
(
∂k−jr ψ
) (
∂k+1r ψ
)
−H21
(
∂k−1r 4/ψ
) (
∂k+1r ψ
)
.
The integrals of the first sum can be estimated for j = 0, 1 since their coefficients vanish on the
horizon and the case j ≥ 2 was investigated above.
The integrals of the second sum were also estimated before.
For j = 0 the integral of the third sum can be estimated since its coefficient vanishes on H+. If
j ≥ 1 then again these integrals have been estimated. It remains to estimate the integral of the last
term. Integration by parts gives∫
R
H21
(
∂k−1r 4/ψ
) (
∂k+1r ψ
)
+
∫
R
(
∂rH
2
1 +
2
r
H21
)(
∂k−1r 4/ψ
) (
∂krψ
)
+
∫
R
H21
(
∂kr4/ψ
) (
∂krψ
)
=
∫
Σ0
H21
(
∂k−1r 4/ψ
) (
∂krψ
)
∂r · nΣ0 −
∫
Στ
H21
(
∂k−1r 4/ψ
) (
∂krψ
)
∂r · nΣτ −
∫
H+
H21
(
∂k−1r 4/ψ
) (
∂krψ
)
∂r · nH+ .
If we set Q = ∂rH
2
1 +
2
rH
2
1 then∫
R
Q
(
∂k−1r 4/ψ
) (
∂krψ
)
=
∫
R
Q
(4/ ∂k−1r ψ − [4/ , ∂k−1r ]ψ) (∂krψ)
=
∫
R
Q
(
4/ ∂k−1r ψ +
k−1∑
n=1
(
k − 1
n
)
r2∂nr r
−2 · 4/ ∂k−1−nr ψ
)(
∂krψ
)
.
We estimate this integral by applying Stokes’ theorem on S2 and Cauchy-Schwarz and using the
inductive hypothesis. Regarding the last bulk integral we have∫
R
H21
(
∂kr4/ψ
) (
∂krψ
)
=
∫
R
H21
(4/ ∂krψ − [4/ , ∂kr ]ψ) (∂krψ)
=
∫
R
H21
(
4/ ∂krψ +
k∑
n=1
(
k
n
)
r2∂nr r
−24/ ∂k−nr ψ
)(
∂krψ
)
.
Therefore, by applying Stokes’ theorem on S2 we see that this integral can be estimated provided
we have H21 < − 12∂rLrk (M) . Note that H21 does not depend on ∂rLrk. Furthermore, the boundary
integral over H+ can be estimated as follows: For the component ψl we have 4/ψl = − l(l+1)r2 ψl and
thus ∂k−1r 4/ψl depends on ∂irψl for 0 ≤ i ≤ k − 1 and thus we use Lemma 4.2.1. For the component
ψ≥l+1 we commute ∂k−1r and 4/ , we use Stokes’ theorem on S2 and Cauchy-Schwarz as above.
Estimate for
∫
R
H3i
(
∂k−i+2r ψ
)(
T∂krψ
)
, i ≥ 1
The case i = 1 was investigated above.
For i ≥ 2 we use Proposition 12.4.1. of [1] and Cauchy-Schwarz.
Estimate for
∫
R
H4i
(
T∂k−ir ψ
)(
T∂krψ
)
, i ≥ 1
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We use Cauchy-Schwarz and the inductive hypothesis.
Estimate for
∫
R
H5i
(4/ ∂irψ) (T∂krψ), i ≤ k − 1
For i = 0 we solve with respect to 4/ψ in the wave equation and then use Cauchy-Schwarz and the
inductive hypothesis. We proceed by induction on i. Assuming that (4/ ∂jrψ)(T∂krψ) is estimated for
all 0 ≤ j ≤ i− 1 we will prove that the integral (4/ ∂irψ)(T∂krψ) can also be estimated. We have
4/ ∂irψ
(
T∂krψ
)
= ∂ir4/ψ
(
T∂krψ
)
+ [4/ , ∂ir]ψ
(
T∂krψ
)
The first term on the right hand side can be estimated by solving with respect to 4/ψ in the wave
equation and using Cauchy-Schwarz. The second term can be estimated by our inductive hypothesis.
Estimate for
∫
R
H6i
(
4/ ∂k−ir ψ
)(
∂k+1r ψ
)
, i ≥ 1
Integration by parts yields∫
R
H6i
(4/ ∂k−ir ψ) (∂k+1r ψ)+ ∫
R
(
∂rH
6
i +
2
r
H6i
)(4/ ∂k−ir ψ) (∂krψ)+ ∫
R
H6i
(
∂r4/ ∂k−ir ψ
) (
∂krψ
)
=
∫
Σ0
H6i
(4/ ∂k−ir ψ) (∂krψ) ∂r · nΣ0 − ∫
Στ
H6i
(4/ ∂k−ir ψ) (∂krψ) ∂r · nΣτ
−
∫
H+
H6i
(4/ ∂k−ir ψ) (∂krψ) ∂r · nH+ .
The second bulk integral and the boundary integrals over Σ are estimated using Stokes’ theorem on
S2 and the inductive hypothesis. The last bulk integral is estimated by commuting the spherical
Laplacian with ∂r and applying again Stokes’ theorem on S2 and Cauchy-Schwarz. Thus for i ≥ 2
we use the inductive hypothesis and for i = 1 it suffices to have H61 < − 12∂rLrk (M) . Regarding the
integral over H+ we have the following: For the component ψl we have 4/ψl = − l(l+1)r2 ψl and thus
4/ ∂k−ir ψl = − l(l+1)r2 ∂k−ir ψl and so we apply Lemma 4.2.1 to estimate it. For the component ψ≥l+1
we use Stokes’ theorem on S2, Cauchy-Schwarz and the inductive hypothesis.
The construction of Lk is now clear for all k ∈ N. It suffices to take Lrk (M) < 0, Lvk (M) > 0 and
−∂rLrk and ∂rLvk (M) sufficiently large.
Note that no commutation with the generators of the Lie algebra so(3) is required.

4.3. Improved L2 Estimates for Tmψ,m ≥ 1. We next show how to apply the results of Section
3 to obtain improved results for Tmψ,m ≥ 1. We show the following
Proof of Theorem 2, statement (2). Recall that the only reason we had to restrict k to be such that
k ≤ l is for estimating the integral ∫RH11 (∂krψ)(∂k+1r ψ). Specifically, we saw that this integral can
be controlled by other “good” terms in the energy indentity (4.5) only if k ≤ l since in this case we
can estimate the integral
Ik[ψ] =
∫
H+
(∂krψ)
2
using the Poincare´ inequality. Clearly, if we could show that the integral I is bounded, then no use
of the Poincare´ inequality would be required and thus by working as in Section 4.2 we could derive
L2 estimates for even higher derivatives of ψ. We first prove the following
Lemma 4.3.1. There exist constants C which depend on M,k, l,m such that for all solutions ψ of
the wave equation which are supported on the frequency l we have
(1)
Ik[Tψ] ≤ C
k−1∑
i=0
∫
Σ0
JNµ [T
iψ]nµΣ0 + C
k−1∑
i=0
∫
Σ0∩A
JNµ [∂
i
rψ]n
µ
Σ0
,
for all 1 ≤ k ≤ l.
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(2)
Il+1[Tψ] ≤ C
l−1∑
i=0
∫
Σ0
JNµ [T
iψ]nµΣ0 + C
l−1∑
i=0
∫
Σ0∩A
JNµ [∂
i
rψ]n
µ
Σ0
.
(3)
Il+m[T
mψ] ≤ C
l+m−2∑
i=0
∫
Σ0
JNµ [T
iψ]nµΣ0 + C
l−1∑
i=0
m−1∑
j=0
∫
Σ0∩A
JNµ [∂
i
rT
jψ]nµΣ0 .
Proof. First note that I0[Tψ] ≤
∫
Σ0
JNµ [ψ]n
µ
Σ0
. For k = 1 (and so l ≥ 1) we use gψ = 0 and that the
zeroth order term can be bounded using the Poincare´ inequality to obtain I1[Tψ] ≤ C
∫
Σ0
JNµ [ψ]n
µ
Σ0
.
For k = 2 (and so l ≥ 2) using ∂r(gψ) = 0 we have that ∂2rTψ can be expressed as a linear
combination of ∂rTψ, ∂rψ, Tψ, ψ on H+. Note that (the integral of) ∂rTψ, Tψ, ψ can be estimated
using previous results. The term ∂rψ can be estimated using the first statement of Theorem 2.
Inductively, using ∂k−1r (gψ) = 0 (see (3.5)) we obtain
Ik[Tψ] ≤ C
k−1∑
i=0
∫
H+
(∂irψ)
2 + C
k−1∑
i=0
Ii[Tψ].
The first part follows from the inductive hypothesis and the first statement of Theorem 2 (as long as
k ≤ l).
For the critical case of the second part note that for l = 0 we have ∂rTψ = − 1M Tψ on H+ and so
I1[Tψ] ≤
∫
Σ0
JNµ [ψ]n
µ
Σ0
. On the other hand, for l ≥ 1, since Hl[Tψ] = 0, we have that ∂l+1r Tψ can
be written as a linear combination of ∂irTψ, i = 0, 1, ..., l on H+. Therefore, the first part and the
Cauchy-Schwarz inequality finish the proof of the second part.
The third part can be proved by induction on m. For m = 1 the result has been proved. By
considering now (3.5) for k = l +m− 1 and ψ replaced with Tm−1ψ we take that ∂l+mr Tmψ can be
written (on H+) as a linear combination of ∂l+m−1r Tmψ, ∂l+m−1r Tm−1ψ and other lower order terms.
The integral of ∂l+m−1r T
m−1ψ can be estimated inductively. Finally, for the term ∂l+m−1r T
mψ we
observe that Il+m−1[Tmψ] = Il+m−1[Tm−1(Tψ)], which can also be estimated inductively. Note that
in view of Proposition 3.1.1 no such estimate holds for Ik[T
mψ] for k ≥ l +m+ 1. 
We can now show that Ik[T
mψ] is bounded whenever m ≥ 1 and k ≤ l+m. Indeed, if k ≤ l then
Ik[T
mψ] = Ik[T (T
m−1ψ)] and the result follows from the first part of Lemma 4.3.1. If l ≤ k ≤ l+m
then
Ik[T
mψ] = Il+m−i[Tm−i(T iψ)] = Il+m′ [Tm
′
(T iψ)],
which can also be estimated using Lemma 4.3.1 since m′ = m− i ≥ 1.
Finally, we need to show that Ik[T
mψ], k ≤ l +m, is bounded for all ψ≥l which are supported on
frequencies greater or equal to l. Indeed, if k ≤ l then we simply use the first statement of Theorem
2. If k > l then
Ik[T
mψ≥l] = Ik[Tmψl] + Ik[Tmψl+1] + · · ·+ Ik[Tmψk] + Ik[Tmψ≥k+1]
The last term on the right hand side can be bounded using Theorem 2 again. The remaining terms
can be estimated using the above results. Therefore, no use of the flux of Lk along H+ is needed
whenever m ≥ 1.

5. Energy Decay
In this section we derive the decay for the non-degenerate energy flux of N through an appropriate
foliation. The first step is to obtain non degenerate estimates on regions which connect H+ and I+
(without containing i0; this has to do with the fact that energy is radiated away through null infinity).
Such estimates were first derived in the recent [16] along with a new robust method for obtaining
decay results. Here we establish several estimates which will allow us to adapt the methods of [16]
in the extreme case. These new estimates are closely related with the trapping properties of H+.
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Recall the Σ˜τ foliation defined in Section 2. For arbitrary τ1 < τ2 we define
R˜τ2τ1 = ∪τ∈[τ1,τ2]Σ˜τ , D˜τ2τ1 = R˜τ2τ1 ∩ {r ≥ R0} , N˜τ = Σ˜τ ∩ {r ≥ R0} , ∆τ2τ1 = R˜τ2τ1 ∩ {r = R0} .
5.1. r-Weighted Energy Estimates in a Neighbourhood of I+. The main idea is to derive
a non-degenerate L2 spacetime estimate and then derive similar estimates for its boundary terms.
From now on we work with the null (u, v) coordinates unless otherwise stated.
Proposition 5.1.1. Suppose p < 3. There exists a constant C that depends on M and Σ˜0 such that
if ψ satisfies the wave equation and φ = rψ then∫
N˜τ2
rp
(∂vφ)
2
r2
+
∫
D˜τ2τ1
rp−1 (p+ 2)
(∂vφ)
2
r2
+
∫
D˜τ2τ1
rp−1
4
(−pD − rD′) |∇/ψ|2
≤ C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+
∫
N˜τ1
rp
(∂vφ)
2
r2
(5.1)
Proof. We first consider the cut-off function ζ : [R0, +∞) → [0, 1] such that
ζ(r) = 0 for all r ∈ [R0, R0 + 1/2] , ζ(r) = 1 for all r ∈ [R0 + 1,+∞) .
Let q = p− 2. We consider the vector field
V = rq∂v
which we apply as multiplier acting on the function ζφ in the region D˜τ2τ1 . Then∫
D˜τ2τ1
KV [ζφ] + EV [ζφ] =
∫
∂D˜τ2τ1
JVµ [ζφ]n
µ.
Note that for r ≥ R0 + 1 we have KV [ζφ] = KV [φ] and EV [ζφ] = EV [φ]. Then,
KV (φ) = Tµν (∇µ (rq∂v))ν = Tµν ((∇µrq) ∂v)ν +Tµνrq (∇µ∂v)ν
= 2rq−1(∂uφ)(∂vφ) + qrq−1(∂vφ)2 +
rq−1
4
(−qD − rD′) |∇/ φ|2 .
Note that since ψ solves the wave equation φ satisfies 4D∂u∂vφ+
D′
r φ−4/ φ = 0 and so
gφ = −2
r
(∂uφ− ∂vφ) + D
′
r
φ,
which, as expected, depends only on the 1-jet of φ. Therefore,
EV [φ] = rq(∂vφ)(gφ) = −2rq−1(∂uφ)(∂vφ) + 2rq−1(∂vφ)2 +D′rq−1φ(∂vφ).
Thus
KV [φ] + EV [φ] =(q + 2)rq−1(∂vφ)2 + r
q−1
4
(−qD − rD′) |∇/ φ|2 +D′rq−1φ(∂vφ).
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However, ∫
D˜τ2τ1
D′rq−1ζφ (∂vζφ) =
∫
D˜τ2τ1
rq−4
M
2
D
[√
D(1− q)− 3M
r
]
(ζφ)
2
−
∫
∆
τ2
τ1
rq−1
4
D′
√
D (ζφ)
2
+
∫
I+
D′D
4
rq−1 (ζφ)2.
Note that in Minkowski spacetime we would have no zeroth order term in the wave equation. In our
case we do have, in such a way, however, such that the terms on the right hand side of the above
identity have the right sign for p < 3 and sufficiently large2 R0.
In view of the cut-off function ζ all the integrals over ∆τ2τ1 vanish. Clearly, all error terms that
arise in the region3 W = supp(ζ − 1) = {R0 ≤ r ≤ R0 + 1} are quadratic forms of the 1-jet of ψ and,
therefore, these integrals are bounded by
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
. Note that only a degenerate Morawetz
(see [1]) is needed for the considerations near null unfinity. Also∫
∂D˜τ2τ1
JVµ [ζφ]n
µ =
∫
N˜τ1
rq (∂vζφ)
2 −
∫
N˜τ2
rq (∂vζφ)
2 −
∫
I+
D
4
|∇/ φ|2.
The last two integrals on the right hand side appear with the right sign. Finally, in view of the first
Hardy inequality of Section 6 of [1], the error terms produced by the cut-off ζ in the region W are
controlled by the flux of T through Σ˜τ1 .

The reason we introduced the function φ is because the weight r that it contains makes it non-
degenerate (ψ = 0 on I+ but φ does not vanish there in general). The reason we have divided by r2
in (5.1) is because we want to emphasise the weight that corresponds to ψ and not to φ.
A first application of the above r-weighted energy estimate is the following
Proposition 5.1.2. There exists a constant C that depends on M and Σ˜0 such that if ψ satisfies
the wave equation and D˜τ2τ1 as defined above with R0 sufficiently large, then∫ τ2
τ1
(∫
N˜τ
JTµ [ψ]n
µ
N˜τ
)
dτ ≤ C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+ C
∫
N˜τ1
r−1 (∂vφ)
2
.
Proof. Applying Proposition 5.1.1 for p = 1 and using the fact that for r ≥ R0 and R0 large enough
D − rD′ > 12 , we have that there exists a constant C that depends on M and Σ˜0 such that
(5.2)
∫
D˜τ2τ1
1
r2
(∂vφ)
2
+
1
r2
|∇/ φ|2 ≤ C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+ C
∫
N˜τ1
r−1 (∂vφ)
2
.
Note now that since |∇/ φ|2 = r2 |∇/ψ|2, (5.2) yields∫
D˜τ2τ1
|∇/ψ|2 ≤ C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+ C
∫
N˜τ1
r−1 (∂vφ)
2
.
Furthermore, for sufficiently large R0 we have∫
D˜τ2τ1
1
r2
(∂vφ)
2 ≥
∫
D˜τ2τ1
1
2D2r2
(∂vφ)
2
=
∫
D˜τ2τ1
1
2D2
(∂vψ)
2
+
∫
D˜τ2τ1
1
4Dr2
∂v(rψ
2).
However, if ζ is the cut-off function introduced in the proof of Proposition 5.1.1, then∫
D˜τ2τ1
1
4Dr2
∂v
(
r(ζψ)2
)
=
∫
I+
1
8r
(ζψ)2.
Therefore, the above integral is of the right sign modulo some error terms in the region W coming
from the cut-off ζ. These terms are quadratic in the 1-jet of ψ and so can be controlled by the T-flux.
2Clearly we need to take R0 > 2M .
3The weights in r play no role in this region.
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Finally, since nµ
N˜τ
is null we have JTµ [ψ]n
µ
N˜τ
∼ (∂vψ)2 + |∇/ψ|2 and thus by (5.2) and the coarea
formula we have the required result. 
This is a spacetime estimate which does not degenerate at infinity. Note the importance of the
fact that the region D˜τ2τ1 does not contain i0! If we are to obtain the full decay for the energy, then
we need to prove decay for the boundary terms in Proposition 5.1.2. The first step is to derive a
spacetime estimate of the r-weighted quantity r−1(∂vφ)2.
Proposition 5.1.3. There exists a constant C which depends on M and Σ˜0 such that∫ τ2
τ1
(∫
N˜τ
r−1(∂vφ)2
)
dτ ≤ C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+ C
∫
N˜τ1
(∂vφ)
2
.
Proof. Appying the r-weighted energy estimate for p = 2 we obtain∫
D˜τ2τ1
r−1(∂vφ)2 ≤
∫
D˜τ2τ1
M
√
D
4r2
|∇/ φ|2 + C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+C
∫
N˜τ1
(∂vφ)
2
≤ C
∫
D˜τ2τ1
1
r2
|∇/ φ|2 + C
∫
Σ˜τ1
JTµ [ψ]n
µ
Σ˜τ1
+ C
∫
N˜τ1
(∂vφ)
2
.
The result now follows from (5.2) and the coarea formula. 
5.2. Integrated Decay of Local (Higher Order) Energy. We have shown in [1] that in order
to obtain a non-degenerate spacetime estimate near H+ we need to commute the wave equation with
the transversal to the horizon vector field ∂r and assume that the zeroth spherical harmonic vanishes.
Indeed, if A is a spatially compact neighbourhood of H+ (which may contain the photon sphere)
then we have:
Proposition 5.2.1. There exists a constant C that depends on M and Σ˜0 such that if ψ satisfies
the wave equation and is supported on l ≥ 1, then∫ τ2
τ1
(∫
A∩Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
)
dτ ≤ C
∫
Σ˜τ1
JNµ [ψ]n
µ
Σ˜τ
+ C
∫
Σ˜τ1
JNµ [Tψ]n
µ
Σ˜τ
+ C
∫
A∩Σ˜τ1
JNµ [∂rψ]n
µ
Σ˜τ
.
Regarding the above boundary terms we have
Proposition 5.2.2. There exists a constant C that depends on M and Σ˜0 such that if ψ satisfies
the wave equation and is supported on l ≥ 2, then∫ τ2
τ1
(∫
A∩Σ˜τ
JNµ [∂rψ]n
µ
Σ˜τ
)
dτ ≤ C
2∑
i=0
∫
Σ˜τ1
JNµ [T
iψ]nµ
Σ˜τ
+ C
2∑
k=1
∫
A∩Σ˜τ1
JNµ [∂
k
rψ]n
µ
Σ˜τ
.
Proof. Immediate from Theorem 2 of Section 2 and the coarea formula. 
5.3. Weighted Energy Estimates in a Neighbourhood of H+. Since for l = 0 the above
estimates do not hold for generic initial data, we are left proving decay for the degenerate energy.
For this we derive a hierarchy of (degenerate) energy estimates in a neighbourhood of H+, the crucial
ingredient of which is the existence of the vector field P . This vector field is timelike in the domain of
outer communications and becomes null on the horizon “linearly”. This linearity allows P to capture
the degenerate redshift in A in a weaker way than N but in stronger way than T . In this subsection,
we use the (v, r) coordinates.
Proposition 5.3.1. There exists a ϕTτ -invariant causal vector field P and a constant C which depends
only on M such that for all ψ we have
JTµ [ψ]n
µ
Σ ≤ CKP [ψ], JPµ [ψ]nµΣ ≤ CKN,δ,−
1
2 [ψ]
in an appropriate neighbourhood A of H+.
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Proof. Let our ansatz be P = P vT + P r∂r. Recall that
KP [ψ] =Fvv (Tψ)
2
+ Frr (∂rψ)
2
+ F∇/ |∇/ψ|2 + Fvr (Tψ) (∂rψ) ,
where the coefficients are given by
Fvv = (∂rP
v) , Frr = D
[
(∂rP
r)
2
− P
r
r
]
− P
rD′
2
, F∇/ = −1
2
(∂rP
r) , Fvr = D (∂rP
v)− 2P
r
r
.
Let us take P r(r) = −√D for M ≤ r ≤ r0 < 2M with r0 to be determined later. Then
Frr = D
[
− D
′
4
√
D
+
√
D
r
]
+
√
DD′
2
= D
[
D′
4
√
D
+
√
D
r
]
∼ D.
Since D
′
4
√
D
= M2r2 , the constants in ∼ depend on M and the choice for r0. Also,
Fvr =
√
D
[√
D(∂rP
v) +
2
r
]
≤ D + 1

[√
D(∂rP
v) +
2
r
]2
.
If we take  sufficiently small and P v such that 1
[√
D(∂rP
v) + 2r
]2
< ∂rP
v (note that this is always
possible in view of the degeneracy of
√
D at H+), then there exists r0 > M such that
KP [ψ] ∼
(
(Tψ)2 +D(∂rψ)
2 + |∇/ψ|2
)
∼ JTµ [ψ]nµΣ(5.3)
in A = {M ≤ r ≤ r0}. Extend now P in R such that P v(r) = 1 and P r(r) = 0 for all r ≥ r1 > r0 for
some r1 < 2M . This proves the first part of the proposition. In region A we have −g(P, P ) ∼
√
D
and so
JPµ [ψ]n
µ
Σ ∼ (Tψ)2 +
√
D(∂rψ)
2 + |∇/ψ|2 ∼ KN,δ,− 12 [ψ].(5.4)

5.4. Decay of Degenerate Energy.
5.4.1. Uniform Boundedness of P -Energy. First we need to prove that the P -flux is uniformly
bounded.
Proposition 5.4.1. There exists a constant C that depends on M and Σ˜0 such that for all solutions
ψ of the wave equation we have
(5.5)
∫
Σ˜τ
JPµ [ψ]n
µ
Σ˜τ
≤ C
∫
Σ˜0
JPµ [ψ]n
µ
Σ˜0
.
Proof. Stokes’ theorem for the current JPµ gives us∫
Σ˜τ
JPµ n
µ +
∫
H+
JPµ n
µ +
∫
I+
JPµ n
µ +
∫
R˜
KP =
∫
Σ˜0
JPµ n
µ.
Note that since P is a future-directed causal vector field, the boundary integrals over H+ and I+ are
non-negative. The same also holds for KP in region A whereas it vanishes away from the horizon.
In the intermediate region this spacetime integral can be bounded using the degenerate X estimate
of Theorem 1 of [1]. The result now follows from JTµ n
µ ≤ CJPµ nµ. 
We are now in a position to derive local integrated decay for the T -energy.
Proposition 5.4.2. There exists a constant C that depends on M and Σ˜0 such that for all solutions
ψ of the wave equation we have∫ τ2
τ1
(∫
A∩Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
)
dτ ≤ C
∫
Σ˜τ1
JPµ [ψ]n
µ
Σ˜τ1
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and ∫ τ2
τ1
(∫
A∩Σ˜τ
JPµ [ψ]n
µ
Σ˜τ
)
dτ ≤ C
∫
Σ˜τ1
JNµ [ψ]n
µ
Σ˜τ1
in an appropriate ϕτ -invariant neighbourhood A of H+.
Proof. From the divergence identity for the current JPµ and the boundedness of P -energy we have∫
A
KP ≤ C
∫
Σ˜τ1
JPµ [ψ]n
µ
Σ˜τ1
for a uniform constant C. Thus the first estimate follows from (5.3) and the coarea formula. Likewise,
the second estimate follows from the divergence identity for the current J
N,δ,− 12
µ , the boundedness of
the non-degenerate N -energy and (5.4). 
5.4.2. The Dyadic Sequence ρn. In view of Propositions 5.1.2 and 5.4.2 we have∫ τ2
τ1
(∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
)
dτ ≤ CIT
Σ˜τ1
[ψ],(5.6)
where
IT
Σ˜τ
[ψ] =
∫
Σ˜τ
JPµ [ψ]n
µ
Σ˜τ
+
∫
Σ˜τ
JTµ [Tψ]n
µ
Σ˜τ
+
∫
N˜τ
r−1 (∂vφ)
2
.
Moreover, from Propositions 5.4.2 and 5.1.3 we have
(5.7)
∫ τ2
τ1
IT
Σ˜τ
[ψ]dτ ≤ CIT
Σ˜τ1
[Tψ] + C
∫
Σ˜τ1
JNµ [ψ]n
µ + C
∫
N˜τ1
(∂vφ)
2,
for a constant C that depends on M and Σ˜0. This implies that there exists a dyadic sequence
4 ρn
such that
IT
Σ˜ρn
[ψ] ≤ E1
ρn
,
where E1 is equal to the right hand side of (5.7) (with τ1 = 0) and depends only on the initial data
of ψ. We have now all the tools to derive decay for the degenerate energy.
Proposition 5.4.3. There exists a constant C that depends on M and Σ˜0 such that for all solutions
ψ of the wave equation we have ∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ CE1 1
τ2
,
where E1 is as defined above.
Proof. We apply (5.6) for the dyadic interval [ρn, ρn+1] to obtain∫ ρn+1
ρn
(∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
)
dτ ≤ CE1 1
ρn
.
In view of the energy estimate ∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ C
∫
Σ˜τ′
JTµ [ψ]n
µ
Σ˜τ′
,
which holds for all τ ≥ τ ′, we have
(ρn+1 − ρn)
∫
Σ˜ρn+1
JTµ [ψ]n
µ
Σ˜ρn+1
≤ CE1 1
ρn+1
.
Since there exists a uniform constant b > 0 such that bτn+1 ≤ τn+1 − τn we have∫
Σ˜ρn+1
JTµ [ψ]n
µ
Σ˜ρn+1
≤ CE1 1
ρ2n+1
.
4Dyadic sequence is an increasing sequence ρn such that ρn ∼ ρn+1 ∼ (ρn+1 − ρn).
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Now, for τ ≥ ρ1 there exists n ∈ N such that ρn ≤ τ ≤ ρn+1. Therefore,∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ C
∫
Σ˜ρn+1
JTµ [ψ]n
µ
Σ˜ρn+1
≤ CE1
ρ2n
∼ CE1
ρ2n+1
≤ CE1 1
τ2
,
which is the required decay result for the T -energy.

5.5. Decay of Non-Degenerate Energy. We now derive decay for the non-degenerate energy.
Note that for obtaining such a result we must use Proposition 5.2.1 which however holds for solutions
to the wave equation supported on the frequencies l ≥ 1. In this case, in view of the previous
estimates we have ∫ τ2
τ1
(∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
)
dτ ≤CIN
Σ˜τ1
[ψ],(5.8)
where
IN
Σ˜τ
[ψ] =
∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
+
∫
Σ˜τ
JNµ [Tψ]n
µ
Σ˜τ
+
∫
A∩Σ˜τ
JNµ [∂rψ]n
µ
Σ˜τ
+
∫
N˜τ
r−1 (∂vφ)
2
.
Proposition 5.5.1. There exists a constant C that depends on M and Σ˜0 such that for all solutions
ψ to the wave equation which are supported on l ≥ 1 we have∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
≤ CE2 1
τ
,
where E2 depends only on the initial data of ψ and is equal to the right hand side of (5.8) (with
τ1 = 0).
Proof. We apply (5.8) for the interval [0, τ ] and use the energy estimate∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
≤ C
∫
Σ˜τ′
JNµ [ψ]n
µ
Σ˜τ′
,
which holds for all τ ≥ τ ′ and for a uniform constant C. 
5.5.1. The Dyadic Sequence τn. If we consider solutions ψ which are supported on l ≥ 2 then from
Propositions 5.1.3, 5.2.2 and by commuting (5.8) with T we take∫ τ2
τ1
IN
Σ˜τ
[ψ]dτ ≤CIN
Σ˜τ1
[ψ] + CIN
Σ˜τ1
[Tψ] + C
∫
A∩Σ˜τ1
JNµ [∂r∂rψ]n
µ
Σ˜τ
+ C
∫
N˜τ1
(∂vφ)
2
(5.9)
This implies that there exists a dyadic sequence τn such that
IN
Σ˜τn
[ψ] ≤ E3
τn
,
where the constant E3 is equal to the right hand side of (5.9) (with τ1 = 0). We can now derive
decay for the non-degenerate energy.
Proposition 5.5.2. There exists a constant C that depends on M and Σ˜0 such that for all solutions
ψ to the wave equation which are supported on l ≥ 2 we have∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
≤ CE3 1
τ2
,
where E3 is as defined above.
Proof. If we apply (5.8) for the dyadic intervals [τn, τn+1] we obtain∫ τn+1
τn
(∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
)
dτ ≤ CE3
τn
.
In view of the boundedness of the N -energy we have
(τn+1 − τn)
∫
Σ˜τn+1
JNµ [ψ]n
µ
Σ˜τn+1
≤ CE3
τn+1
.
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Since there exists a uniform constant b > 0 such that bτn+1 ≤ τn+1 − τn we obtain∫
Σ˜τn+1
JNµ [ψ]n
µ
Σ˜τn+1
≤ CE3
τ2n+1
.
Now, for τ ≥ τ1 there exists n ∈ N such that τn ≤ τ ≤ τn+1. Therefore,∫
Σ˜τ
JNµ [ψ]n
µ
Σ˜τ
≤ C˜
∫
Σ˜τn+1
JNµ [ψ]n
µ
Σ˜τn+1
≤ CE3
τ2n
∼ CE3
τ2n+1
≤ CE3 1
τ2
which is the required decay result for the energy.

The above propositions completes the proof of Theorem 3.
6. Pointwise Estimates
6.1. Retrieving Pointwise Boundedness. In [1] we proved that all the solutions to the wave
equation ψ remain uniformly bounded in M. We show the same result here by exploiting the
spherical symmetry. We work with the foliation Στ (or Σ˜τ ) and the induced coordinate system
(ρ, ω). For r0 ≥M we have
ψ2 (r0, ω) =
(∫ +∞
r0
(∂ρψ) dρ
)2
≤
(∫ +∞
r0
(∂ρψ)
2
ρ2dρ
)(∫ +∞
r0
1
ρ2
dρ
)
=
1
r0
(∫ +∞
r0
(∂ρψ)
2
ρ2dρ
)
.
Therefore, ∫
S2
ψ2(r0, ω)dω ≤ 1
r0
∫
S2
∫ +∞
r0
(∂ρψ)
2
ρ2dρdω ≤ C
r0
∫
Στ∩{r≥r0}
JNµ [ψ]n
µ
Στ
,(6.1)
where C is a constant that depends only on M and Σ0.
Theorem 6.1. There exists a constant C which depends on M and Σ0 such that for all solutions ψ
of the wave equation we have
|ψ|2 ≤ C · E4 1
r
,(6.2)
where E4 =
∑
|k|≤2
∫
Σ0
JNµ [Ω
kψ]nµΣ0 .
Proof. From the Sobolev inequality on S2 we have |ψ|2 ≤ C∑|k|≤2 ∫S2 (Ωkψ)2 and the theorem
follows from (6.1) and the uniform boundedness of the non-degenerate energy. 
6.2. Pointwise Decay.
6.2.1. Decay away from H+. We consider the region {r ≥ R1}, where R1 > M . From now on, C will
be a constant depending only on M , R1 and Σ˜0.
Clearly, in this region we have JNµ n
µ
Σ ∼ JTµ nµΣ and ∼ depends on R1. Therefore, from (6.1) we
have that for any r ≥ R1∫
S2
ψ2(r, ω)dω ≤ C
r
∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ C · E1[ψ] 1
r · τ2 .
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Applying the above for ψ, Ωiψ, Ωijψ and using the Sobolev inequality for S2 yields
ψ2 ≤ CE5 1
r · τ2 ,
where E5 =
∑
|k|≤2E1
[
Ωkψ
]
. Next we improve the decay with respect to r. Observe that for all
r ≥ R1 we have∫
S2
(rψ)2(r, ω)dω =
∫
S2
(R1ψ)
2(R1, ω)dω + 2
∫
S2
∫ r
R1
ψ
ρ
∂ρ(ρψ)ρ
2dρdω
≤ CE1[ψ] 1
τ2
+ C
√∫
Σ˜τ∩{r≥R1}
1
ρ2
ψ2
∫
Σ˜τ∩{r≥R1}
(∂ρ(ρψ))
2
.
However, from the first Hardy inequality (see Section 6 of [1]) we have∫
Σ˜τ
1
ρ2
ψ2 ≤ C
∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ CE1 1
τ2
.
Moreover, if R0 is the constant defined in Section 5 and recalling that ρψ = φ we have∫
Σ˜τ∩{r≥R1}
(∂ρ(ρψ))
2
=
∫
Σ˜τ∩{R0≥r≥R1}
(∂ρ(ρψ))
2
+
∫
N˜τ
(∂vφ)
2
≤ C
∫
Σ˜0
JTµ [ψ]n
µ
Σ˜0
+
∫
N˜τ
(∂vφ)
2 ≤ C
∫
Σ˜0
JTµ [ψ]n
µ
Σ˜0
+
∫
N˜0
(∂vφ)
2,
where for the second inequality we used Propositions 5.1.1 and 5.1.2. Hence for τ ≥ 1 we have
r2
∫
S2
ψ2(r, ω)dω ≤ CE1 1
τ2
+ C
√
E1
√
C
∫
Σ˜0
JTµ [ψ]n
µ
Σ˜0
+
∫
N˜0
(∂vφ)2
1
τ
≤ CE1 1
τ
,
since the quantitiy in the square root is dominated by E1. Therefore, by the Sobolev inequality on
S2 we obtain
ψ2 ≤ CE5 1
r2 · τ .
6.2.2. Decay near H+. We are now investigating the behaviour of ψ in the region {M ≤ r ≤ R1}.
We first prove the following
Lemma 6.2.1. There exists a constant C which depends only on M such that for all r1 with M < r1
and all solutions ψ of the wave equation we have∫
S2
ψ2(r1, ω)dω ≤ C
(r1 −M)2
E1
τ2
.
Proof. Using (6.1) we obtain∫
S2
ψ2(r1, ω)dω ≤ C
r1
∫
Σ˜τ∩{r≥r1}
JNµ [ψ]n
µ
Σ˜τ
=
C
r1
∫
Σ˜τ∩{r≥r1}
D(ρ)
D(ρ)
JNµ [ψ]n
µ
Σ˜τ
≤ C
r1D(r1)
∫
Σ˜τ∩{r≥r1}
D(ρ)JNµ [ψ]n
µ
Σ˜τ
≤ C
(r1 −M)2
∫
Σ˜τ
JTµ [ψ]n
µ
Σ˜τ
≤ C
(r1 −M)2
E1
τ2
.

Lemma 6.2.2. There exists a constant C which depends only on M,R1 such that for all r0 ∈ [M,R1],
α > 0 and solutions ψ of the wave equation, we have∫
S2
ψ2(r0, ω)dω ≤ CE1 1
τ2−2α
+ C
√
E1
1
τ
√∫
Σ˜τ∩{r0≤r≤r0+τ−α}
(∂ρψ)2.
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Proof. We consider the hypersurface γα = {r = r0 + τ−α}.
Then by applying Stokes’ theorem for the hypersurfaces shown in the figure above we obtain∫
S2
ψ2(r0, ω) ≤
∫
S2
ψ2(r0 + τ
−α, ω) + C
∫
Σ˜τ∩{r0≤r≤r0+τ−α}
ψ(∂ρψ).
For the first term on the right hand side we apply Lemma 6.2.1 (note that M < r0 + τ
−α). The
lemma now follows from Cauchy-Schwarz applied for the second term, the first Hardy inequality of
[1] and Theorem 3. 
The case l = 0
We first assume that ψ is spherically symmetric. Then we have the pointwise bound
|∂ρψ| ≤ C
√
E˜6,
in {M ≤ r ≤ R1}, where
E˜6 = ‖∂rψ‖2L∞(Σ˜0) + E4[ψ] + E4[Tψ].
This can be easily proved by using the method of characteristics and integrating along the charac-
teristic u = c the wave equation (expressed in null coordinates). Hence Lemma 6.2.2 for α = 25
gives ∫
S2
ψ2(r0, ω)dω ≤ CE1 1
τ
6
5
+ C
√
E1
√
E˜6
1
τ
6
5
≤ CE6 1
τ
6
5
,
where E6 = E1 + E˜6. Since ψ is spherically symmetric we obtain
ψ2 ≤ CE6 1
τ
6
5
.(6.3)
The case l = 1
Suppose that ψ is supported on l = 1. Then from Lemma 6.2.2 for α = 14 we obtain∫
S2
ψ2(r0, ω)dω ≤ CE1 1
τ
3
2
+ C
√
E1
1
τ
√∫
Σ˜τ∩{r0≤r≤r0+τ−α}
(∂ρψ)2
≤ CE1 1
τ
3
2
+ C
√
E1
√
E2
1
τ
3
2
≤ CE˜7 1
τ
3
2
where we have used Proposition 5.5.1 and E˜7 = E1 +E2. Therefore, by the Sobolev inequality on S2
we have
ψ2 ≤ CE7 1
τ
3
2
in {M ≤ r ≤ R1}, where E7 =
∑
|k|≤2 E˜7
[
Ωkψ
]
.
The case l ≥ 2
Suppose that ψ is supported on l ≥ 2. Then from (6.1) and Theorem 5.5.2 we have that there
exists a constant C which depends only on M and R1 such that∫
S2
ψ2 ≤ CE3 1
τ2
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in {M ≤ r ≤ R1}. By Sobolev we finally obtain
ψ2 ≤ CE8 1
τ2
,
where E8 =
∑
|k|≤2E3
[
Ωkψ
]
. This completes the proof of Theorem 4.
6.3. Applications. We next derive improved decay for the waves Tψ, TTψ.
Proposition 6.3.1. Fix R1 such that M < R1 and let τ ≥ 1. Let E7, E8 be the quantities as defined
in Section 6.2. Then there exists a constant C that depends on M,R1 and Σ˜0 such that:
• For all solutions ψ to the wave equation we have
|Tψ| ≤ C
√
E7[Tψ]
1
τ
3
4
, |TTψ| ≤ C
√
E8[TTψ]
1
τ
,
in {M ≤ r ≤ R1}.
• For all solutions ψ to the wave equation which are supported on the frequencies l ≥ 1 we have
|Tψ| ≤ C
√
E8[Tψ]
1
τ
,
in {M ≤ r ≤ R1}.
Proof. We first observe that Proposition 5.2.1 holds for all frequencies when ψ is replaced with Tψ.
Indeed, we have shown that we can commute in this case with ∂r (see Theorem 2, statement (2)).
Therefore, using the third Hardy inequality of [1] implies that (5.8) and Proposition 5.5.1 hold for
all frequencies when ψ is replaced with Tψ. Hence, the argument of Section 6.2.2 for the case l = 1
works for all frequencies when restricted for Tψ.
Similarly, Proposition 5.2.2 holds for all frequencies when ψ is replaced with TTψ and so we can
argue as in the case l ≥ 2 above. The second part of the proposition follows in a similar way.

7. Higher Order Estimates
We finish this paper by obtaining energy and pointwise results for all the derivatives of ψ. We
first derive decay for the local higher order (non-degenerate) energy of high frequencies and then
pointwise decay, non-decay and blow-up results for generic solutions. We finally use a contradiction
argument to obtain blow-up results for the local higher order energy of low frequencies. The general
form of Theorems 5, 6 of Section 2 is proved at the end of this section.
7.1. Decay of Higher Order Energy.
Theorem 7.1. Fix R1 such that R1 > M and let τ ≥ 1. Let also k, l ∈ N. Then there exists a
constant C which depend on M, l,R1 and Σ˜0 such that the following holds: For all solutions ψ of the
wave equation which are supported on the angular frequencies greater or equal to l, there exist norms
E˜k,l of the initial data of ψ such that
•
∫
Σ˜τ∩{M≤r≤R1}
JNµ [∂
k
rψ]n
µ
Σ˜τ
≤ CE˜2k,l
1
τ2
for all k ≤ l − 2,
•
∫
Σ˜τ∩{M≤r≤R1}
JNµ [∂
l−1
r ψ]n
µ
Σ˜τ
≤ CE˜2l−1,l
1
τ
.
Proof. By commuting with T and applying local elliptic estimates and previous decay results, the
above integrals decay on Σ˜τ ∩ {r0 ≤ r ≤ R1} where r0 > M . So it suffices to prove the above result
for Σ˜τ ∩A, where A is a ϕTτ -invariant neighbourhood of H+. For we use the spacetime bound given
by Theorem 2 which implies that there exists a dyadic sequence τn such that for all k ≤ l−1 we have∫
Σ˜τn∩A
JNµ [∂
k
rψ]n
µ
Σ˜τn
≤ CKl 1
τn
,(7.1)
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where
Kl =
l∑
i=0
∫
Σ˜0
JNµ
[
T iψ
]
nµ
Σ˜0
+
l∑
i=1
∫
Σ˜0∩A
JNµ
[
∂irψ
]
nµ
Σ˜0
.
Then, by Theorem 2 again we have for any τ such that τn ≤ τ ≤ τn+1∫
Σ˜τ∩A
JNµ [∂
k
rψ]n
µ
Σ˜τ
≤ C
k∑
i=0
∫
Σ˜τn
JNµ
[
T iψ
]
nµ
Σ˜τn
+ C
k∑
i=1
∫
Σ˜τn∩A
JNµ
[
∂irψ
]
nµ
Σ˜τn
≤ CE 1
τn
. CE 1
τ
,
where E depends only on the initial data. Suppose now that k ≤ l− 2. We apply Theorem 2 for the
dyadic intervals [τn, τn−1] and we obtain∫
A
JNµ [∂
k
rψ]n
µ
Σ ≤ C
l−1∑
i=0
∫
Σ˜τn−1
JNµ
[
T iψ
]
nµ
Σ˜τn−1
+
l−1∑
i=1
∫
Σ˜τn−1∩A
JNµ
[
∂irψ
]
nµ
Σ˜τn−1
.
However, the right hand side has been shown to decay like τ−1 and thus a similar argument as above
gives us the improved decay for all k ≤ l − 2. 
7.2. Higher Order Pointwise Estimates. The next theorem provides pointwise results for the
derivatives transversal to H+ of ψ.
Theorem 7.2. Fix R1 such that R1 > M and let τ ≥ 1. Let also k, l,m ∈ N. Then, there exist
constants C which depend on M, l,R1 and Σ˜0 such that the following holds: For all solutions ψ of
the wave equation which are supported on angular frequencies greater or equal to l, there exist norms
Ek,l of the initial data ψ such that
• ∣∣∂krψ∣∣ ≤ CEk,l 1τ in {M ≤ r ≤ R1} for all k ≤ l − 2,
• ∣∣∂l−1r ψ∣∣ ≤ CEl−1,l 1
τ
3
4
in {M ≤ r ≤ R1},
• ∣∣∂lrψ∣∣ ≤ CEl,l 1
τ
1
4
in {M ≤ r ≤ R1}.
Proof. Let r0 such that M ≤ r0 ≤ R1. We consider the cut-off δ : [M,R1 + 1] → [0, 1] such that
δ(r) = 1, for r ≤ R1 + 14 and δ(r) = 0, for R1 + 1/2 ≤ r ≤ R1 + 1.
0
Then,∫
S2
(
∂krψ
)2
(r0, ω)dω = −2
∫
Σ˜τ∩{r0≤r≤R1+1}
(
∂kr (δψ)
) (
∂ρ∂
k
r (δψ)
)
≤ 2
(∫
Σ˜τ∩{r≤R1+1}
(
∂kr (δψ)
)2) 12(∫
Σ˜τ∩{r≤R1+1}
(
∂ρ∂
k
r (δψ)
)2) 12
.
In view of Theorem 7.1 if k ≤ l − 2 then both integrals on the right hand side decay like τ−2. If
k = l− 1 then the first integral decays like τ−2 and the second like τ−1 and if k = l the first integral
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decays like τ−1 and the second is bounded (Theorem 2). Commuting with the angular momentum
operators and using the Sobolev inequality yield the required pointwise estimates for ∂krψ for k ≤ l.

One can in fact show that ∂lrψ decays like τ
− 14−δl , where δl > 0 by using the argument of Section
6 for the case l = 0, i.e. by proving that ∂l+1r ψ is uniformly bounded (note that we can not obtain
3
5
decay in view of the fact that we can not use the first Hardy inequality, which allowed us to obtain
further decay for the zeroth order term ψ in the previous section). We leave the details to the reader.
Let now Hl[ψ] be the function on H+ as defined in Theorem 1. Since Hl[ψ] is conserved along
the null geodesics of H+ whenever ψ is supported on the angular frequency l, we can simply think
of Hl[ψ] as a function on S20 = Σ˜0 ∩H+. We then have the following non-decay result.
Proposition 7.2.1. For all solutions ψ supported on the angular frequency l we have
∂l+1r ψ(τ, θ, φ)→ Hl[ψ](θ, φ)
along H+ and generically Hl[ψ](θ, φ) 6= 0 almost everywhere on S20.
Proof. Since
∂l+1r ψ(τ, θ, φ) +
l∑
i=0
βi∂
i
rψ(τ, θ, φ) = Hl[ψ](θ, φ)
on H+ and since all the terms in the sum on the left hand side decay (see Theorem 7.2) we take
∂l+1r ψ(τ, θ, φ) → Hl[ψ](θ, φ) on H+. It suffices to show that generically Hl[ψ](θ, φ) 6= 0 almost
everywhere on S20. We will in fact show that for generic solutions ψ of the wave equation the function
Hl[ψ] is a generic eigenfunction of order l of 4/ on S20.
Note that the initial data prescribed on Σ˜0 do not a priori determine the function Hl[ψ] on S20
unless l = 0. Indeed, Hl[ψ] involves derivatives of order k ≤ l+ 1 which are not tangential to Σ˜0. For
this reason we consider another Cauchy problem of the wave equation with initial data prescribed on
Σ˜p0, where the hypersurface Σ˜
p
0 is as depicted below:
0
Note that the hypersurfaces Σ˜0 and Σ˜
p
0 coincide for r ≥ R1. Any initial data set prescribed on
Σ˜0 gives rise to a unique initial data set of Σ˜
p
0 and vice versa. The Sobolev norms of the initial data
on Σ˜0 and Σ˜
p
0 can be compared using the pointwise and energy boundedness of [1]. Observe now
that given initial data on Σ˜p0 the function Hl[ψ] is completely determined on S20, since Hl[ψ] involves
only tangential to Σ˜p0 derivatives at S0. Therefore, generic initial data on Σ˜
p
0 give rise to generic
eigenfunctions Hl[ψ] of order l of 4/ on S0. Hence, for generic solutions ψ of the wave equation the
functions Hl[ψ] do not vanish almost everywhere on S0.

We next show that the above non-decay results imply that higher order derivatives of generic so-
lutions ψ blow-up along H+. To make our argument clear we first consider the spherically symmetric
case where l = 0.
Proposition 7.2.2. Let k ∈ N with k ≥ 2. Then there exists a positive constant c which depends
only on M such that for all spherically symmetric solutions ψ to the wave equation we have∣∣∂krψ∣∣ ≥ c |H0[ψ]| τk−1
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asymptotically on H+.
Proof. We work inductively. Consider the case k = 2. By differentiating the wave equation (see for
instance (3.5)) we take
(7.2) 2T∂r∂rψ +
2
M
T∂rψ − 2
M2
Tψ +
2
M2
∂rψ = 0
on H+. Note that T∂2rψ and ∂rψ appear with the same sign. If H0[ψ] = 0 then there is nothing to
prove. Let’s suppose that H0 > 0. Then∫ τ
0
∂rψ =
∫ τ
0
H0[ψ]− 1
M
ψ = H0[ψ]τ − 1
M
∫ τ
0
ψ.
We observe ∣∣∣∣∫ τ
0
ψ
∣∣∣∣ ≤ ∫ τ
0
|ψ| ≤ CE6
∫ τ
0
1
τ
3
5
= CE6τ
2
5 .
Therefore, ∫ τ
0
∂rψ ≥ H0[ψ]τ − CE6τ 25 ≥ cH0[ψ]τ
asymptotically on H+. By integrating (7.2) along H+ we obtain
∂2rψ(τ) = ∂
2
rψ(0) +
1
M
∂rψ(0)− 1
M
∂rψ(τ)− 1
M2
ψ(0) +
1
M2
ψ(τ)− 1
2M2
∫ τ
0
∂rψ
≤ ∂2rψ(0) +
1
M
∂rψ(0)− 1
M
(
H0[ψ] +
1
M
ψ
)
− 1
M2
ψ(0) +
1
M2
ψ(τ)− 1
2M2
∫ τ
0
∂rψ
≤ ∂2rψ(0) +
1
M
∂rψ(0)− 1
M
H0[ψ] + CE6
1
τ
3
5
− cH0[ψ]τ
≤ −cH0[ψ]τ
asymptotically on H+. A similar argument works for any k ≥ 2. Indeed, we integrate (3.5) for k ≥ 1
(and l = 0) along H+ and note that T∂k+1r ψ and ∂krψ appear with the same sign. Therefore, by
induction on k, the integral
∫ τ
0
∂krψ dominates asymptotically all the remaining terms which yields
the required blow-up rates on H+. Note that the sign of ∂krψ depends on k and H0[ψ].

Corollary 7.2.1. Let k ≥ 2. For generic initial data which give rise to solutions ψ of the wave
equation we have ∣∣∂krψ∣∣→ +∞
along H+.
Proof. Decompose ψ = ψ0 + ψ≥1 and thus∫
S2
∣∣∂krψ∣∣2 (M,ω)dω ≥ 4pi ∣∣∂krψ0∣∣2 (M,ω).
Hence the result follows by commuting with Ωi, the Sobolev inequality and the fact that the right
hand side blows up as τ → +∞ as H0[ψ] 6= 0 generically. 
Let us consider the case of a general angular frequency l.
Proposition 7.2.3. Let k, l ∈ N with k ≥ 2. Then there exists a positive constant c which depends
only on M, l, k such that for all solutions ψ to the wave equation which are supported on the frequency
l we have ∣∣∂l+kr ψ∣∣ (τ, θ, φ) ≥ c |Hl[ψ](θ, φ)| τk−1
asymptotically on H+.
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Proof. We first consider k = 2. If Hl[ψ](θ, φ) = 0 then there is nothing to prove. Suppose that
Hl[ψ](θ, φ) > 0. Note ∫ τ
0
∂l+1r ψ = Hl[ψ]τ −
∫ τ
0
l∑
i=0
βi∂
i
rψ
≥ cHl[ψ]τ
asymptotically on H+, since the integral on the right hand side is eventually dominated by Hl[ψ]τ
in view of Theorem 7.2. If we integrate (3.5) (applied for k = l + 1) along the null geodesic of H+
whose projection on the sphere is (θ, φ) we will obtain
∂l+2r ψ(τ, θ, φ) ≤ −cHl[ψ](θ, φ)τ,
since the integral
∫ τ
0
∂l+1r ψ eventually dominates all the remaining terms (again in view of the previous
decay results). The proposition follows inductively by integrating (3.5) as in Proposition 7.2.2. Recall
finally that for generic solutions ψ we have Hl[ψ] 6= 0 almost everywhere on S20.

7.3. Blow-up of Higher Order Energy. The next theorem provides blow-up results for the higher
order non-degenerate energy. It also shows that our estimates in Section 7 are in fact sharp (regarding
at least the restriction on the angular frequencies).
Theorem 7.3. Fix R1 such that R1 > M . Let also k, l ∈ N. Then for generic solutions ψ of the
wave equation which are supported on the (fixed) angular frequency l we have∫
Σ˜τ∩{M≤r≤R1}
JNµ [∂
k
rψ]n
µ
Σ˜τ
−→ +∞
as τ → +∞ for all k ≥ l + 1.
Proof. Consider M < r0 < R1 and let δ be the cut-off introduced in the proof of Theorem 7.2. Then,∫
S2
(
∂krψ
)2
(r0, ω)dω = −2
∫
S2
∫ R1+1
r0
(∂kr (δψ))(∂ρ∂
k
r (δψ))dρdω
≤ C
∫
Σ˜τ∩{r0≤r≤R1+1}
k∑
i=0
(T∂irψ)
2 +
k+1∑
i=0
(∂irψ)
2,
where C depends on M , R1 and Σ˜0. Then,∫
S2
(
∂krψ
)2
(r0, ω)dω ≤ C
Dmk(r0)
∫
Σ˜τ∩{r0≤r≤R1+1}
k∑
i=0
JTµ [T
iψ]nµ
Σ˜τ
≤ C
(r0 −M)2mk
(
k∑
i=0
E1(T
iψ)
)
1
τ2
,
where mk ∈ N. Note that for the above inequality we used local elliptic estimates (or a more
pedestrian way is to use the wave equation and solve with respect to ∂krψ; this is something we can
do since D(r0) > 0). Then using (3.5) we can inductively replace the ∂r derivatives with the T
derivatives. Therefore, commuting with Ωi and applying the Sobolev inequality imply that for any
r0 > M we have
∣∣∂krψ∣∣ → 0 as τ → +∞ along r = r0. Let us assume now that the energy of ∂krψ
on Σ˜τj ∩ {M ≤ r ≤ R1} is uniformly bounded by B (as τj → +∞). Given  > 0 take r0 such that
r0 −M = 24Br20 and let τ be such that for all τ ≥ τ we have
∣∣∂krψ(τ, r0)∣∣ ≤ 8pi . Then,∫
S2
∣∣∂krψ(τj ,M)∣∣ ≤ ∫
S2
∣∣∂krψ(τj , r0)∣∣+ ∫
Σ˜τj∩{M≤r≤r0}
∣∣∂ρ∂krψ∣∣
≤ 
2
+ r0(r0 −M) 12
(∫
Σ˜τj∩{M≤r≤R1}
JNµ [∂
k
rψ]n
µ
Σ˜τj
) 1
2
≤ ,
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for all τ ≥ τ. This proves that
∫
S2
∣∣∂krψ(τj ,M)∣∣ → 0 as tj → +∞ along H+. However, in view of
Propositions 7.2.1 and 7.2.3 we have∫
S2(M)
∣∣∂krψ∣∣ (τj) ≥ cτk−1j ∫
S2(M)
|Hl[ψ]| .
We have seen that for generic ψ the function Hl[ψ] is non-zero almost everywhere and since it is
smooth we have
∫
S2(M) |Hl[ψ]| > 0. This shows that the integral
∫
S2
∣∣∂krψ(τj ,M)∣∣ can not decay,
contradiction. 
7.4. Applications. We conclude this paper by proving Theorem 5 and 6 of Section 2 which provide
the complete picture for the derivatives of ψ.
Proof of Theorem 5. The first two statements can be proved as the Proposition 7.1 by observing that
in view of statement (2) of Theorem 2 we can find a dyadic sequence τn such that (7.1) holds for all
k ≤ l +m− 1. Having proved these two statements, the remaining ones can be proved by repeating
the argument of Theorem 7.2. 
Proof of Theorem 6. The first statement follows from Proposition 3.1.1 and the previous decay re-
sults. For the second statement we integrate (3.5) for k = l + m + 1 and ψ replaced with Tm−1ψ
and observe that
∫ τ
0
∂l+m+1r T
mψ dominates eventually all the remaining terms. However, in view
of statement (1) we have
∫ τ
0
∂l+m+1r T
mψ ∼ cHj [ψ]τ which completes the proof for k = l + m + 2.
The general case can be proved by induction on k. Finally, the above two statements imply that
generically the integral
∫
S2
∣∣∂kr Tmψ(τ, θ, φ)∣∣ can not decay as τ → +∞ along H+. Therefore, the last
statement can be proved by repeating the argument of Theorem 7.3.

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Appendix A. Elliptic Estimates on Lorentzian Manifolds
Let us suppose that (M, g) is a globally hyperbolic time-orientable Lorentzian manifold which
admits a Killing vector field T . We also suppose that M is foliated by spacelike hypersurfaces Στ ,
where Στ = φτ (Σ0). Here, Σ0 is a Cauchy hypersurface and φτ is the flow of T .
Let N be a φτ -invariant timelike vector field and constants B1, B2 such that
0 < B1 < −g(N,N) < B2.
We will first derive the required estimate in Σ0 which for simplicity we denote by Σ. For each
point p ∈ Σ the orthogonal complement in TpM of the line that contains N is 3-dimensional and
contains a 2-dimensional subspace of the tangent space TpΣ. Let X2, X3 be an orthonormal basis
of this subspace. Let now X1 be a vector tangent to Σ which is perpendicular to the plane that is
spanned by X2, X3. Note that the line that passes through X1 is uniquely determined by N and Σ.
Then, the metric g can be written as
g =

gNN gNX1 0 0
gNX1 gX1X1 0 0
0 0 1 0
0 0 0 1
 , g−1 =

1
|g|gX1X1 − 1|g|gNX1 0 0
− 1|g|gNX1 1|g|gNN 0 0
0 0 1 0
0 0 0 1
 .
with respect to the frame (N,X1, X2, X3) and |g| = gNN · gX1X1 − g2NX1 . Let hΣ be the induced
Riemannian metric on the spacelike hypersurface Σ. Clearly, in general we do not have hijΣ = g
ij .
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Indeed
hΣ =
gX1X1 0 00 1 0
0 0 1
 , h−1Σ =
 1gX1X1 0 00 1 0
0 0 1
 .
Let ψ :M→ R satisfy the wave equation. Then,
gψ = trg (Hessψ) = gαβ
(∇2ψ)
αβ
= g0β
((∇2ψ)
0β
+
(∇2ψ)
β0
)
+ gij
(∇2ψ)
ij
.
We will prove that the operator
Pψ = gij
(∇2ψ)
ij
is strictly elliptic. Indeed, in view of the formula
(∇2ψ)
ij
= XiXjψ− (∇XiXj)ψ, the principal part
σ of P is
σψ = gijXiXjψ.
If ξ ∈ T ∗Σ, then
σξ = gijξiξj =
1
|g|gNNξ
2
1 + ξ
2
2 + ξ
3
3 > b
(
1
gX1X1
ξ21 + ξ
2
2 + ξ
3
3
)
= b ‖ξ‖ ,
where the ellipticity constant b > 0 depends only on Σ. Moreover, if ψ satisfies gψ = 0 then
‖Pψ‖2L2(Σ) =
∥∥∥g0β ((∇2ψ)
0β
+
(∇2ψ)
β0
)∥∥∥2
L2(Σ)
≤C
∫
Σ
(
‖NNψ‖2L2(Σ) +
3∑
i=1
‖XiNψ‖2L2(Σ) +
3∑
i=1
‖Xiψ‖2L2(Σ) + ‖Nψ‖2L2(Σ)
)
≤C
∫
Σ
JNµ [ψ]n
µ
Σ + J
N
µ [Nψ]n
µ
Σ,
where C is a uniform constant that depends only on the geometry of Σ and the precise choice of N .
Therefore, if ψ can be shown to appropriately decay at infinity then by a global elliptic estimate on
Σ we obtain
‖ψ‖2.
H1(Σ)
+ ‖ψ‖2.
H2(Σ)
≤ C · ‖Pψ‖2L2(Σ) ≤
∫
Σ
CJNµ [ψ]n
µ
Σ + CJ
N
µ [Nψ]n
µ
Σ.
for some uniform positive constant C (here
.
Hk (Σ) denotes the homogeneous Sobolev space where
the zeroth order term is omitted).
In case our analysis is local and thus we want to confine ourselves in a compact submanifold Σ of
Σ then by a local elliptic estimate on Σ we have
‖ψ‖2H2(Σ) ≤ C · ‖Pψ‖
2
L2(Σ) + ‖ψ‖
2
H1(Σ) ≤
∫
Σ
(
CJNµ [ψ]n
µ
Σ
+ CJNµ [Nψ]n
µ
Σ
+ ψ2
)
.
One can also estimate spacetime integrals by using elliptic estimates. Indeed, if R (0, τ) is the
spacetime region as defined before, then∫
R(0,τ)
f |∇u| dgR =
∫ τ
0
(∫
Στ
fdgΣτ
)
dt,
where the integrals are with respect to the induced volume form and u :M→ R is such that u (p) = τ
iff p ∈ Στ . Then ∇u is proportional to nΣτ and since T (u) = 1, ∇u is φτ -invariant. Therefore, |∇u|
is uniformly bounded. If now f is quadratic on the 2-jet of ψ then∣∣∣∣∣
∫
R(0,τ)
fdgR
∣∣∣∣∣ ≤ C
∫ τ
0
‖ψ‖2H2(Στ˜) dτ˜ ≤ C
∫ τ
0
(∫
Στ˜
JNµ [ψ]n
µ
Στ˜
+ JNµ [Nψ]n
µ
Στ˜
+ ψ2
)
dτ˜
≤ C
∫
R(0,τ)
JNµ [ψ]n
µ
Σ
+ CJNµ [Nψ]n
µ
Σ
+ ψ2.
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In applications we usually use these results away from H+ where we commute with T and we use
the degenerate X and Morawetz estimates of [1]. We can also use this estimate even if Σ (and R)
crosses H+, provided we have commuted the wave equation with N and NN (recall that we need
commutation with NN only for degenerate black holes).
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